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Abstract

The short or long birth interval is a common public health issue that affects women’s and

children’s health in sub-Saharan Africa. Despite a higher burden of short or long birth

intervals, establishing causal relationships between birth intervals and their determinants

remains challenging due to the potential for unobserved confounding factors. The objective

of this research is to apply parametric and semiparametric survival mixed-effects regression,

especially the shared frailty model to model the length of time to successive second births

within the reproductive mothers and identify the sociodemographic and sociocultural factors

that cause variation in the length of the birth interval using 2015-16 Malawi Demographic

Health Survey data. Weibull mixed-effects survival model with gamma-distributed random

effects provides a better fit for describing the birth interval data than Cox proportional

hazard mixed-effects with normal and gamma random effects, exponential mixed-effects

with normal and gamma random effect, and Weibull mixed effects with normal random

effect. The findings also revealed that mothers from rural areas, the central region, and

those who use traditional or modern contraceptive methods had a higher likelihood of

having a second child. In contrast, women from middle or rich families, those with secondary

or tertiary education, and those who had their first child alive had a lower likelihood of

giving birth to a second child. This study uses gamma and normal densities for random

effects distribution, suggesting future studies should consider other random effects distributions

like positive stable, compound poisson, and inverse Gaussian.
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Chapter 1

Introduction

1.1 Background

Nowadays, the most concerning issue in world is overpopulation. Although rates of population

increase are now much lower in the developed world than in the developing countries, the

world’s population has been growing rapidly in recent decades (Kopp et al., 2018; Gu

et al., 2021; Seyedtabib et al., 2020). Much of this increase comes from high-fertility

African countries (Kaba, 2020; Gu et al., 2021). Fertility rate is one of the key factors that

determines population growth; it is the primary factor responsible for changing the size

of the population (Gu et al., 2021). The decisions made by the couple, the length of the

effective reproductive period, the length of the birth intervals, and socioeconomic, health-

related, and emotional variables all influence fertility rate (Ranjbar et al., 2023). The birth

interval is defined as the number of months between two successive live births (Pimentel

et al., 2020; Aleye et al., 2024). Due to its implications for fertility rate, maternal, and child

health, it has drawn particular attention in the fields of family planning and public health.

The World Health Organization (WHO) currently recommends an interval between the

last live birth and the next pregnancy of at least 24 months, a birth interval of 33 months

Bongaarts and Hodgson (2022). However, there are some inconsistencies in the literature
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with cutoff points for optimal or ideal birth intervals. Tesema et al. (2021) suggest that the

ideal time between successive live births is between 18 and 23 months while another study

by Erfani et al. (2018) suggests that the ideal time is between 18 - 35 months to guarantee

survival throughout childhood.

Numerous studies have provided empirical data indicating a correlation between the birth

interval and the health of mothers, infants, and children Shifti et al. (2023); Tesema et al.

(2023); Kozuki et al. (2013); Ball et al. (2014). Shifti et al. (2023) showed that both short

and long intervals were linked to poor results such as preterm birth, low birth weight(LBW),

and Small for Gestational Age(SGA) in high-income and low-income nations based on

their meta-analysis in Asia-Pacific region. Short birth intervals were also linked to even

more severe outcomes, like perinatal mortality, in low-income nations (Ball et al., 2014).

Tesema et al. (2023) concluded that births to mothers with short birth intervals had a higher

chance of dying in the first five years of life. (Kozuki et al., 2013) shows that birth intervals

shorter than 18 months are significantly associated with preterm birth and death in the first

year of life of the child.

Conde-Agudelo et al. (2007) conducted a second meta-analysis which revealed that there

was a correlation between maternal health risks and both short and long birth intervals.

Long birth intervals, whether intended or unintended, was associated with adverse maternal

outcomes such as pre-eclampsia (Conde-Agudelo et al., 2007; Shifti et al., 2023). The long

interval may also be correlated with negative outcomes if it is not a result of conscious

family planning; for instance, mothers may be struggling with secondary infertility (Rutstein

and Winter, 2014).
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In Malawi, the births that happened less than 15 months following the previous birth have

the greatest perinatal mortality rate (55 deaths per 1000 pregnancies) (Kopp et al., 2018).

Contrarily, women who have regular birth intervals are better able to recuperate from

the macro- and micronutrient depletion that happens throughout pregnancy and lactation

(Ranjbar et al., 2023; Tesema et al., 2023). Thus, this enhances the health of children

and future pregnancies. According to Rutstein and Winter (2014), an estimated 1.6 million

deaths of children under five would be prevented each year if all birth-to-pregnancy intervals

were separated by at least three years.

The majority of the literature that is relevant to understanding the factors influencing the

duration of birth intervals can be categorized as research on the fertility transition, birth

spacing, fertility intentions and preferences, and postpartum contraceptive use (Seyedtabib

et al., 2020). Numerous demographers have written about the idea of “natural fertility” and

the African fertility transition, attempting to illustrate how African countries differ or are

similar to European ones in their move to lower birth rates (Muza and Mangombe, 2021;

Bongaarts and Hodgson, 2022; Shapiro and Hinde, 2020). Other researchers have studied

reproductive goals or preferences, using a model of planned, logical reasoning to space out

births and/or reduce the size of the family (Greenhalgh, 2023; Blake, 2022).

Since short and long birth intervals are a potentially modifiable problem, better knowledge

and understanding of its determinants is imperative and essential to improve maternal

health by designing and applying specifically targeted interventions thereby decreasing

catastrophic pregnancy outcomes. A review of determinants of birth interval could encompass

a range of factors that influence the timing between successive pregnancies. Consequently,
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in recent years, many studies have examined the interval between marriage and first birth,

and inter-birth intervals (Seyedtabib et al., 2020; Bagheri and Saadati, 2021; Aleye et al.,

2024). Most of the research has focused on first birth because of its advantages; women do

not forget details of their first pregnancy, and the delay in the menstrual cycle that occurs

after subsequent fertilization is not observed (Bagheri and Saadati, 2021). Furthermore,

if the first birth interval is short and occurs at a young age, subsequent pregnancies may

happen faster and the fertility rate will be increased (Aleye et al., 2024).

1.2 Analysis methods used for birth interval data

Until very recently, a vast array of researchers have demonstrated diverse techniques for

analyzing birth interval data to understand the patterns, drivers, and implications of birth

spacing. Hobcraft et al. (1983) conducted a comprehensive analysis of the impact of

numerous birth intervals, including previous and following intervals. This study used

counts of births in periods before and after the index kid, allowing for many short intervals.

The analysis was based on retrospective birth histories in 26 World Fertility Surveys using

multiple logistic regression. Additionally, the study was among the first to account for

several confounding variables, including socioeconomic status, birth order, mother age,

and past deaths. According to this study, children whose mothers had given birth to a

previous child within the previous two to six years had the lowest relative risk of passing

away at the age of under five. The relative risk rose as the number of births in the 0 − 2

and 2 − 6 year prior periods increased. When another child was born within 30 months, the

same thing happened. The highest risk of mortality under the age of 5 years occurred in
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children who had 3 prior siblings 2 to 6 years earlier, a prior sibling within the preceding 2

years, and a subsequent sibling in the 30 months following the birth of the index child.

However, these long-held results have been called into doubt in the last five years by

several research on the impacts of birth spacing, comparing siblings who are discordant

on birth interval length (Klebanoff, 2017). The reasoning behind this sibling comparison

approach is that the effects of interval length itself can be isolated, net of risk factors shared

among siblings that may be correlated with the length of birth intervals, by controlling for

otherwise unobserved shared factors within the family (Kalbfleisch and Schaubel, 2023).

Ball et al. (2014), using data from Australia, is the first known study to apply a sibling

fixed effects analysis to the longitudinally linked database. The Women under study were

singleton pregnant women with two birth intervals (the first between the birth and the

conception of the second child, and the second between the birth and the conception of the

third). Ball et al. (2014) discovered that after applying sibling fixed effects, the association

between short birth interval (defined as 0–5 months) and the risk of preterm birth, LBW,

and SGA was almost completely eliminated. A study utilizing Swedish data similarly

discovered that, when utilizing a fixed effects analysis, short birth intervals again, defined

as 0-5 months-were no longer linked to the risk of LBW or SGA, but they did raise the

likelihood of premature birth (Class et al., 2017).

Extensive research has sought to understand the various factors that influence birth interval

using various statistical methods (Hailu et al., 2016; Aleye et al., 2024; Aychiluhm et al.,

2020; Ahammed et al., 2019). Logistic regression has been used in several studies to

examine birth interval determinants (Hailu et al., 2016; Aleye et al., 2024; Aychiluhm
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et al., 2020). (Aleye et al., 2024) employed logistic regression in a community-based case-

control study in assessing determinants of short intervals among 440 married in Chinaksen

district Ethiopia. The results of the study demonstrated that the number of live births,

parental education, women’s work, age at first marriage, and use of contraceptives all had a

substantial impact on birth intervals. Another case-control study conducted from February

to April 2014 by (Hailu et al., 2016) showed that several factors, such as a woman’s

calendar period, marriage age, contraceptive method, educational level, employment, place

of residence, and household income influenced women’s first, second and third birth intervals

in Ethiopia.

A community-based cross-sectional study designed by Gelagay et al. (2023) uses also

logistic regression to determine determinants of the birth interval among 1262 women of

childbearing age in Dabat district, Ethiopia. This study shows that women who were rural

residents, students, and daily workers in husbands’ occupations, breastfeeding for 7 to 12,

13 to 23, and 24 and above months, nonuse of modern contraceptives, and highest wealth

quartile were found to be significant predictors of short birth interval length. Aychiluhm

et al. (2020) used information from the Demographic and Health Survey program to evaluate

the short birth interval and its causes in Ethiopia’s four developing regions. The study

included 2683 women in the 15–49 age range who had at least two live children. The

results of the multilevel multivariable logistic regression model indicated that the following

factors were associated with a shorter birth interval: breastfeeding duration, having six or

more children, living in a rural area, attending secondary education or above, not being

exposed to the media, and preferring to wait two years or longer before giving birth.
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Exavery et al. (2012) applied the Chi-Square test of association and multilevel logistic

model to longitudinal data collected in the Rufiji Health and Demographic Surveillance

System (HDSS) from January 1999 to December 2010 to investigate levels of birth spacing

in Tanzania and factors affecting non-adherence to the WHO recommended minimum inter-

birth interval length among women aged 15-49 years in Rufiji district. Non-adherence

was considered as an inter-birth interval length below 33 months. Thus, a binary outcome

variable was created and logistic regression was then used to construct a multivariate model

and find correlates of non-adherence.

Nonetheless, some research has looked at identifying the birth interval determinants using

multiple linear regression or Cox proportion regression (Ahammed et al., 2019; Bagheri

and Saadati, 2021; Khan et al., 2016). A cross-sectional study carried out in Al-Oyaynah,

Saudi Arabia (Hajian-Tilaki et al., 2009) is one of the studies that takes multiple linear

regression into account in assessing the effect of social-demographics. The continuous

and normally distributed birth interval was the study’s underlying presumption. Maternal

age, duration of breast feeding, sex of index child, history of still births, history of infant

mortality of the index child were found to be important predictors of the birth interval in

this study.

The Cox proportional hazard model was used by Ahammed et al. (2019) in assessing key

factors affecting birth interval length in Bangladesh. In this study, 504 eligible women

(women who had at least two children) were selected. The results indicated that work

status, contraceptive use, and survival status of the index child were consistently significant

while age at first marriage and place of residence were significant in some birth intervals.
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According to a study by Fallahzadeh et al. (2013), the birth interval is predicted by the

age of marriage, and a woman’s education. The study aimed to assess the duration and

determinants of inter-birth intervals among 400 women of reproductive age in Yazd, Iran.

A cross-sectional fertility survey in Tehran conducted by Bagheri and Saadati (2021) is

the one of studies that accounts for correlations between birth intervals in the Cox model.

This study employed 610 married women, aged 15-49 years, and analyzed three births

using Survival Recurrent Event(SRE). According to Bagheri and Saadati (2021) study, the

birth interval can be predicted by a mother’s age, employment level, and exposure to mass

media. Another study by Khan et al. (2016) also accounts for correlation in the Cox model

in determining trends of the determinant of birth interval in Bangladesh using Bangladesh

Demographic and Health Surveys (BDHS 2004, 2007, and 2011). However, data analysis

was based on the parametric gamma frailty model. This study shows that maternal age,

educational level of the mother, family composition and wealth index, unobserved community,

and mother effects have a considerable impact on the birth interval in Bangladesh.

1.3 Problem statement

Multiple regression and logistic regression have been used to analyse birth interval data,

however, establishing causal relationships between birth intervals and their determinations

remains challenging due to the potential for unobserved confounding factors. Birth interval

data often exhibit complex relationships with its predictors, including non-monotonic effects

and time-varying associations. Moreover, birth interval data may be censored, meaning
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that the observation period ends before all women have experienced the event of interest

(subsequent birth). This can introduce bias and complicate the analysis, especially if the

censoring mechanism is non-random. Statistical methods such as logistic regression and

multiple regression struggle to capture these dynamics adequately, highlighting the need

for flexible modeling techniques to capture complex relationships over time.

1.4 Study Objectives

The main objective is to apply parametric and semiparametric survival mixed effects regressions(shared

frailty models) to model the length of time to successive second births within the reproductive

mothers in Malawi.

The specific objectives are to:

1. To estimate the impact of natural clustering neighbourboods of women in the analysis

of determinants of mothers’ birth intervals in Malawi using mixed survival models

2. To compare the efficiency of normal and gamma probability distributions when used

to describe the random effects in the mixed survival regression models

3. To compare the performance of Cox, Weibull, and Exponential mixed-effects survival

models in the analysis of women’s birth interval data

4. To analyse the fit of the mixed-effects survival regression method to the birth interval

data using some selected post-estimation statistics.
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1.5 Significance of this Study

This study will contribute to the discussion on how the socio-demographic and socio-

cultural factors of a woman affect the timing of subsequent second births. The shared frailty

model technique will be applied, which considers unobserved heterogeneity in testing the

stability of the estimated coefficients by comparing the models with or without unobserved

heterogeneity. This study will provide new knowledge on birth interval and reproductive

health to help achieve set targets in the United Nations Sustainable Development Goals

(SDGs) 2030, that is, to end preventable deaths of newborns and children under 5 years of

age, with all countries aiming to reduce neonatal mortality to at least as low as 12 deaths per

1,000 live births and under-5 mortality to at least as low as 25 deaths per 1,000 live births.

Also, it will provide information for planning, monitoring, and evaluation of programs on

reproductive health in Malawi.

1.6 Thesis structure

The thesis is structured as follows: Chapter 2 gives literature review of semiparametric and

parametric survival mixed effects, particularly the shared frailty model and its estimation

methods. Chapter 3 presents the methodology of the study. Chapter 4, results of the shared

frailty models. Chapter 5 provides discussion and conclusion.
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Chapter 2

Review of semi-parametric and

parametric survival mixed-effects

models

This chapter discusses some of the standard failure time models for clustered populations.

It describes and explains some basic and general concepts in survival analysis to lay the

foundation of semiparametric and parametric survival mixed effects, particularly the frailty

model. It also reviews the estimation methods used in modeling the frailty model. The

properties and theoretical bases of survival mixed effects distributions are considered here

only briefly.

2.1 Time-to-event concept and related probability functions

A key characteristic of survival data is that the response variable is a non-negative discrete

or continuous random variable and represents the time from a well-defined origin to a

well-defined event (Hosmer et al., 2008; Collett, 2023; Cox, 2018). Another characteristic

feature of these data sets is censoring observations (Moore, 2016). Censored data arises

when the starting or ending events are not precisely observed. Possible censoring schemes
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are right censoring, where the final endpoint is only known to exceed a particular value;

left censoring, where events are known to have occurred before a certain time; or interval

censoring, where the only information is that the event occurs within some interval (Klein

and Moeschberger, 2003; Duchateau and Janssen, 2008).

The distribution of survival time is characterized by three main functions, namely the

probability density function, survival function, and hazard function (Hosmer et al., 2008).

Let f be the probability density function (p.d.f) of the event time T . The distribution

function of T is then given by

F (t) = P (T < t) =
∫ t

0
f(u)du (2.1)

and represents the probability that the survival time is less than some value t (Collett, 2023).

The survival function, S(t), is defined to be the probability that the survival time is greater

than or equal to t, and so from Equation 2.1,

S(t) = P (T > t) = 1 − F (t). (2.2)

The hazard function h(t) is obtained from the conditional probability that an event occurs

in the interval t, t+∆t given that the event did not occur yet before time t. This conditional

probability is then expressed as a probability per unit time by dividing by the time interval,

∆, to give a rate. The hazard function is then the limiting value of this ratio, as ∆t tends to
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zero, so that (Hosmer et al., 2008; Moore, 2016; Alvares et al., 2021)

h(t) = lim
∆t→0

P (t ≤ T < t+ ∆t|T ≥ t)
∆t (2.3)

The function h(t) is also referred to as the hazard rate, the instantaneous death rate, the

intensity rate, or the force of mortality. The hazard function is related to the PDF and

survival functions by

h(t) = f(t)
S(t) (2.4)

That is, the hazard at time t is the probability that an event occurs in the neighborhood

of time t divided by the probability that survival time is greater than or equal to t. The

cumulative hazard function is defined as the area under the hazard function up to time t,

that is,

H(t) =
∫ t

0
h(u)du (2.5)

The survival function can be rewritten in terms of the cumulative hazard function. First,

using

h(t) = − d

dt
log(S(t)) (2.6)

and after integrating and exponentiating, survival function becomes (Collett, 2023)

S(t) = exp
(

−
∫ t

0
h(u)du

)
= exp(−H(t)) (2.7)

The form of likelihood expression is determined by the type of data that is available. If
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there is no censoring, the likelihood function takes the general form

L(ti) = f(t1) × f(t2) × ...× f(tn) =
n∏

i=1
f(ti) (2.8)

If some observations are censored, the expression 2.8 is adjusted (Alvares et al., 2021;

Bagheri and Saadati, 2021). But for a right-censored observation, the survival function is

inserted, indicating that the observation is known only to exceed a particular value. The

likelihood in general then takes the form (Hosmer et al., 2008)

L(ti) =
n∏

i=1
f(ti)δiS(ti)1−δi =

n∏
i=1

h(ti)δiS(ti) (2.9)

where δi is the censoring indicator. This expression means that when ti is an observed event,

the censoring indicator is δi = 1, and then likelihood is a probability density function.

When ti is a censored observation, the censoring indicator is δi = 0 then likelihood is a

survival function.

2.2 Cox PH mixed-effects survival model

The Cox proportional hazards (PH) model (Cox, 1972) is a popular approach for analyzing

survival data, especially when assessing multiple predictors’ effect on the hazard rate. The

model is given as (Cox, 1992; Collett, 2023)

h(t|x) = h0(t)exp(x
′
β) (2.10)
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where h0(t) is an unspecified baseline hazard rate, β is a parameter vector, and x is a

covariate vector.

Mixed-effects models, also known as random-effects or hierarchical models, are used when

data is hierarchical or clustered structure, where observations are not independent but rather

nested within groups (Brown, 2021; Konstantopoulos and Hedges, 2019). Combining these

two approaches results in the Cox PH mixed-effects survival model, which allows for the

incorporation of both fixed and random effects into the survival analysis (Duchateau and

Janssen, 2008; Wienke, 2003; Hosmer et al., 2008). In practice, fitting a Cox PH mixed-

effects model involves specifying the fixed effects (covariates) that influence the hazard

rate, as well as specifying the random effects structure, which captures the clustering or

grouping in the data (Bagheri and Saadati, 2021; Khan et al., 2016; Klein and Moeschberger,

2003). The model is given as (Therneau et al., 2015)

h(t|x) = h0(t)exp(x
′

ijβ + bi) (2.11)

where the bi are drawn from a statistical distribution. Like the standard Cox PH model, the

mixed-effects version assumes that censoring is independent of the survival times after

adjusting for covariates Klein and Moeschberger (2003). The hazard function can be

rewritten as (Collett, 2023)

h(t|x) = h0(t)wiexp(x
′

ijβ) (2.12)

where wi = exp(bi). This shows that hazard also depends on an unobservant random
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variable, wi, which acts multiplicatively on the hazard rate (Klein et al., 2014).

Cox PH mixed-effects survival model is particularly useful when there are recurrent events

or clustering within the data that need to be accounted for Klein and Moeschberger (2003);

Duchateau and Janssen (2008). The survival recurrent event model is used when the event

of interest occurs more than one time for each subject Klein et al. (2014). Various survival

recurrent events have been developed and suggested in the literature (Therneau et al., 2000;

Kalbfleisch and Prentice, 2011). Therneau et al. (2000) presents a more mathematical and

computationally detailed discussion of recurrent event data, with examples. Su et al. (2022)

discusses recurrent events and compares them to generalized linear models, such as Poisson

and logistic regression. Kalbfleisch and Prentice (2011) treat it at a fairly theoretical level

using the counting process approach.

Another extension of the standard modeling situation occurs when subgroups of responses

are correlated due to study design (Hosmer et al., 2008; Hougaard, 1995). This lack of

independence of response can occur in any setting in which survival time is influenced

by unmeasured factors that are the same within groups of subjects and are thought to

have significant group-to-group variability (Wienke, 2003; Klein and Moeschberger, 2003).

When these factors are present in the usual normal errors linear model setting, they are

called random effects (Brown, 2021; Konstantopoulos and Hedges, 2019). Survival analysis

models incorporating such factors are called shared frailty models (Hosmer et al., 2008;

Collett, 2023; Duchateau and Janssen, 2008).
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2.2.1 Common distributions used for random effects

Various distributions for random effects have been suggested in the literature and any

distribution with a positive random variable can be used to model frailty (Hosmer et al.,

2008; Hougaard, 1986b; Vaupel et al., 1979; McGilchrist and Aisbett, 1991; Clayton,

1978). The frailty distributions most often applied are the gamma distribution (Clayton,

1978; Vaupel et al., 1979; Oakes, 1989; Hougaard and Hougaard, 2000; Wienke, 2003),

the positive stable distribution (Hougaard, 1986a), the power Variance function (PVF)

distribution (Hougaard, 1986b), the inverse Gaussian distribution (Hougaard, 1984), the

compound Poisson distribution (Aalen, 1988) and the log-normal distribution (McGilchrist

and Aisbett, 1991).

2.2.2 Estimation of regression parameters in Cox PH mixed model

The frailty model estimations that have been suggested in the literature are mainly maximum

likelihood estimates, although some of them are based on various approximations (Duchateau

and Janssen, 2008; Wienke, 2010). (Duchateau and Janssen, 2008) presented a review of

both a semi-parametric and a parametric approach to estimating the risk coefficients and the

frailty parameters for the gamma frailty, the positive stable, and the lognormal. To derive

the general form of the likelihood function, it is assumed that the common factor causes

dependence between individuals in a given group, and conditional on that, all individuals

within the group are independent (Duchateau and Janssen, 2008). Thus, for one group of n

individuals, the conditional joint survival distribution of failure times T1, T2, ..Tn is given
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by

P (T1 > t1, ..., Tn > tn|w) = P (T1 > t1|w)...P (Tn > tn|w)

= exp
{
−wH0(t)exp(x

′
β)
} (2.13)

From 2.13, the likelihood function for one group can be derived as follows:

Lj(β, θ, w) = P (Tj = tj, T1 > t1, T2 > t2....)

=
n∏

j=1

(
h0(t)wex

′
β
)δj

exp
(

−H0(t)wex
′
β
) (2.14)

If there is an assumption that h0(t) has a parametric form, the estimation can be handled

in the usual way by differentiating the log-likelihood function (Klein et al., 2014; Collett,

2023). In Cox PHMM, however, the more classical approach is to assume that the hazard

function is the product of an unspecified baseline hazard h0(t) and a parametric function

of the covariates (Klein et al., 2014). In terms of survival frailty, such models are called

semiparametric frailty models (Hosmer et al., 2008; Kelly and Lim, 2000). For such a

model direct maximization of the marginal likelihood is no longer possible (Klein et al.,

2014; Duchateau and Janssen, 2008). Semiparametric hazard models without frailty terms

are fitted by maximization of the partial likelihood (Cox, 1972). For semiparametric frailty

models, however, there is a need to account for the contribution of the unobserved frailty

terms (Duchateau and Janssen, 2008; Therneau et al., 2000). The solution is to use the

partial likelihood function or full likelihood function in combination with the Expectation-

Maximisation (EM) algorithm (Collett, 2023; Duchateau and Janssen, 2008; Hosmer et al.,
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2008; Therneau et al., 2015; Klein et al., 2014; Wienke, 2010).

The EM algorithm is used for estimation since the frailty can be as covariates (Klein

and Moeschberger, 2003). EM algorithm alternates between finding expected values for

the frailties based on current estimates of β and θ using these expected values to find

updated estimates for β and θ. The EM algorithm iterates between an expectation and a

maximization step. In the expectation step, the expected values of the unobserved frailties

conditional on the observed information and the current parameter estimates are obtained.

In the maximisation step, these expected values are considered to be the true information,

and new estimates of the parameters of interest are obtained by maximisation of the full

likelihood, given the expected values. The collection of frailty terms is the unobserved

information Duchateau and Janssen (2008). The full likelihood is defined as the product of

the conditional and the density of frailties.

Lij(θ, β, wi) =
g∏

i=1

ni∏
j=1

(
h0(t)wie

x
′
ijβ
)δij

exp
(

−H0(t)wie
x

′
ijβ
)
f(w; θ) (2.15)

2.2.2.1 Expectation and maximisation for the gamma frailty model

The EM algorithm estimates the regression parameters for each of a fixed set of values

of the variance parameter, θ, of the gamma frailty distribution (Klein and Moeschberger,

2003; Lee and Wang, 2003; Collett, 2023). The solution is the one yielding the largest

value of a profile log-likelihood, whose equation is shown below in 2.16. The equation for
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the profile log-likelihood (Klein and Moeschberger, 2003), equation is

l
(
θ, β̂

)
=

g∑
i=1

dilog(θ) − log
[
Γ
(1
θ

)]
+ log

[
Γ
(1
θ

+ di

)]

+
ni∑

j=1
δij

{
x

′

ijβ̂ + log [hf0(tij)]
}

−
(1
θ

+ di

)
log

1 + θ
ni∑

j=1
log

[
1 + θĤf

(
tij, xij, β̂

)]
(2.16)

where in i cluster there are di failure event-times, each denoted by δij , so that di = ∑ni
j=1 δij .

The specific steps are as follows Duchateau and Janssen (2008); Kelly and Lim (2000);

Collett (2023); Hosmer et al. (2008):

Step 1: The proportional hazards model (without frailty) is fitted containing the covariates

of interest. Following the fit, the estimate of the baseline cumulative hazard function is

obtained for each subject, Ĥ0(ti). This is used to obtain the estimate of the cumulative

hazard for each subject,

Ĥ(ti, xi, β̂) = Ĥ0(ti)exp
(
x

′

iβ
)

(2.17)

Step 2: A set of possible values for the variance parameter θ is created. Typically, this set

is constructed by beginning with a small value, for example, 0.25, and increasing by 0.25

until reaching some maximum value, for example, 4 or 5. For each of the values of theta

in this set, steps 3, 4, and 5 are followed.

Step 3: The estimation step (E) consists of computing, for each subject, an estimate of the

value of their frailty as

ŵi = 1 + θ × δi

1 + θ × Ĥ(t, xi, β̂)
. (2.18)
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Step 4: The maximization step (M) consists of fitting the proportional hazards model with

the same covariates, but including ŵi in the hazard function, as follows

hf (t, ŵi, xij, β) = h0(t)ŵiexp(x
′

ijβ)

= h0(t)exp
[
xT

ijβ + log(ŵi)
] (2.19)

Following the fit of the model in 2.19, the baseline hazard that includes the estimated frailty

term is estimated by

ĥf0(ti) = δj∑
l∈R(til) ŵiexp(x′

ilβ̂)
(2.20)

the cumulative baseline hazard function

Ĥf0(ti) =
∑

tj≤ti

ĥf0(t) (2.21)

and the cumulative hazard containing the frailty, namely

Ĥf0(t, xi, β̂) = Ĥf0(ti)exp(x
′

iβ̂) (2.22)

The E- and M-steps are repeated until convergence is achieved.

Step 5: Evaluate the log-likelihood in 2.25 using the specified value of θ and the results

from the fit in the M-step at convergence. Steps 1 to 5 are performed for all chosen values

of θ. The maximum likelihood estimate of θ is the value that maximizes equation 2.25.

Significance tests for model coefficients may be performed either using Wald tests or a

profile likelihood ratio test (Hosmer et al., 2008; Klein and Moeschberger, 2003). The Wald

test uses estimated standard errors from a covariance matrix obtained from the negative of
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the inverse of the matrix of second derivatives of the profile log-likelihood (Duchateau and

Janssen, 2008; Klein and Moeschberger, 2003). Let H denote the Hessian matrix of the

second partial derivatives of the marginal loglikelihood function l(θ, β). The negative of

the expected value of the Hessian matrix is known as the Fisher information. Let I denote

the Fisher information matrix given as Collett (2023); Duchateau and Janssen (2008)

I(θ, β) = −E(H(θ, β)) :

The observed information matrix, I , is then the negative of the Hessian matrix.

I(θ, β) = − [H(θ, β)]

Therefore, the asymptotic variance-covariance matrix of the estimates is obtained by taking

the inverse of the Fisher information matrix, and the estimated variance-covariance matrix

is obtained by taking the inverse of the observed information matrix by evaluating it at the

actual values of the maximum likelihood estimators (Collett, 2023).

2.2.2.2 The penalized partial likelihood for the normal random effects density

Arguably another popular way of fitting semiparametric shared frailty models is via the

penalised partial likelihood method (Therneau et al., 2000; Collett, 2023; Klein and Moeschberger,

2003; Duchateau and Janssen, 2008). The penalised partial likelihood approach leads to the

same estimates as the EM algorithm in the case of the semiparametric gamma frailty model

(Duchateau and Janssen, 2008). The penalised partial likelihood approach is commonly
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used in estimating log-normal frailty model (Therneau et al., 2015). The conditional partial

likelihood for log-normal frailty by cluster i is given by (Duchateau and Janssen, 2008):

Li(βi, bi|ti, Xij) =
di∏

i=1

[
exp(XT

il β + bi)∑
s∈R(til) exp(XT

isβ + bi)

]
(2.23)

where in i cluster there are di failure event-times, each denoted by δij , so that di = ∑ni
j=1 δij .

Using ideas developed in the original Cox model (Cox, 1992), let ti1 < ti2 < ... <

tiri
be the ri ordered observed event-times in cluster i, with corresponding covariates

Xi1, Xi2, ..., Xiri
. Then R(til), l = 1, 2, ..., ri is the set of individuals who are at risk of

failure at time tij , called the risk set.

The full joint partial likelihood of the data and random effects is the product of the conditional

likelihood Equation 2.23 over all clusters and the product likelihood function of density

functions of random effects, f(b) where bi = (b1, b2, ..., bG). This is given by:

L(β, b|t,X) =
G∏

i=1

ni∏
j=1

[
exp(XT

il β + bi)∑
s∈R(til) exp(XT

isβ + bi)

]
× (2πσ2)−G

2 exp

(
− 1

2σ2

G∑
i=1

bi

)
(2.24)

The full joint partial log-likelihood function is:

l(β, b|t,X) =
G∑

i=1

ni∑
j=1

(XT
il β + bi) − ln

∑
s∈R(til)

exp(XT
isβ + bi)


+ ln

[
(2πσ2)

−G
2
]

+
[
− 1

2σ2

G∑
i=1

bi

] (2.25)

The score functions for β and b follow from the log-likelihood Equation 2.25 and are,
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respectively, given by:

Uβ = ∂l(β, b)
∂β

=
G∑

i=1

ni∑
j=1

[
Xij −

∑
sϵR(til) Xijexp(XT

il β + bi)∑
sϵR(til) exp(XT

isβ + bi)

]
(2.26)

and,

Ub = ∂l(β, b)
∂b

=
G∑

i=1

ni∑
j=1

[
1 −

∑
sϵR(til) Xijexp(ZT

il β + bi)∑
sϵR(til) exp(XT

isβ + bi)

]
− 1

2σ2

G∑
i=1

bi. (2.27)

The maximization process proceeds iteratively by starting with a provisional estimate of σ2

and finding the estimates of the βs and the bis that maximize l(β, b|t,X). Next, a marginal

log-likelihood, log Lm(β, σ2
b ), is obtained by integrating the log-likelihood in Expression

2.25 over the random effects bi. Ripatti et al. (2002) show that, at estimates β̂ of β, this is

well-approximated by

logLm(σ2
b ) = logLpen(β̂, b̂, σ2

b ) − 1
2 log(σ2n

b ) − 1
2 log|Ib|, (2.28)

where Ib is the n× n observed information matrix for the random effects, formed from the

negative second partial derivatives of log Lpen(β, b, σ2
b ) with respect to the bi, i = 1, 2, ..., n,

evaluated at β̂, b̂, and |Ib| is the determinant of that matrix. Using the estimates of the βs,

the marginal log-likelihood in Equation 2.28 is then maximized with respect to σ2
b to give a

revised estimate of σ2
b . This process is repeated until the difference between two successive

estimates of σ2
b is sufficiently small.

Estimates of the random effects, b̂i, and hence the frailty terms ŵi = exp(b̂i), are also
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obtained from this iterative process. However, estimates is based on the method of restricted

maximum likelihood (REML) estimation (Collett, 2023; Duchateau and Janssen, 2008).

REML estimates are obtained from a likelihood function that is independent of β, and the

REML estimate of the variance of the random frailty term is

σ̃2
b = n−2

{
n∑

i=1
b̃2

i + trace(Ṽb)
}

(2.29)

where Ṽb is the estimated variance-covariance matrix of the REML estimates of the bi,

b̃i. The trace of this matrix is just the sum of the estimated variances of the b̃i. This is

the preferred estimate of the variance of a normally distributed random frailty effect. The

standard error of σ̃2
b can be found from

se(σ̃2
b ) = √(2σ̃2

b )
[
n+ 1

σ̃4
b

trace(ṼbṼb) − 2 1
σ̃2

b

trace(Ṽb)
]−1/2

(2.30)

2.2.3 Residual analysis in Cox PHMM

In Cox proportional hazards mixed-effects models, residual analysis involves examining

the discrepancies between the observed data and the model’s predictions (Moore, 2016;

Collett, 2023). This analysis is crucial for assessing the adequacy of the model fit, identifying

influential observations, and detecting potential violations of model assumptions (Collett,

2023). The use of residuals for model checking has been well-developed in linear regression

theory (James et al., 2023). The residuals are plotted versus some quantity, such as a

covariate value, and the observed pattern is used to diagnose possible problems with the
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fitted model. Some residuals have the additional property of not only indicating problems

but also suggesting remedies (Moore, 2016; Kuitunen et al., 2021). That is the pattern

of the plotted residuals may suggest an alternative model that fits the data better Collett

(2023). Many of these residuals have been generalized to survival mixed effects analysis.

In addition, the fact that survival data evolves over time, and requires special assumptions

such as proportional hazards, makes it necessary to develop additional diagnostic residual

methods (Kuitunen et al., 2021).

2.2.3.1 Martingale Residual

Martingale residuals are defined as the difference between the observed event indicator (0

or 1) and the corresponding predicted hazard at each event time (Collett, 2023). If there are

no time-dependent covariates and if the survival times are right-censored, this is given by

(Therneau et al., 2000; He et al., 2020)

mij = δij − Ĥ0(tij)exp(x
′

ijβ̂) (2.31)

Martingale residuals are useful for detecting outliers and influential observations. The

asymmetry of the residuals might appear to be a disadvantage, but Therneau et al. (2000)

show that a plot of these residuals versus the covariate xij can reveal not only discrepancies

in the model but also the actual functional form of this covariate.
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2.2.3.2 Deviance Residuals

Deviance residuals are calculated based on the logarithm of the likelihood ratio, comparing

the likelihood of the observed data under the fitted model to the likelihood of the saturated

model (Collett, 2023; Jiang and Guterman, 2024). It is defined in terms of the martingale

residual as follows Collett (2023); He et al. (2020)

Dij = sign(mij) × {−2 × [mij + δijlog(δij −mij)]}1/2 (2.32)

Deviance residuals are symmetrically distributed with an expected value of 0 (if the fitted

model is correct). The sum of squares of these residuals is the value of the likelihood ratio

test, which is analogous to the deviance from generalized linear model theory. While the

properties of deviance residuals might seem preferable to those of martingale residuals,

only the latter have the property that shows the functional form of a covariate (Collett,

2023).

2.2.3.3 Schoenfeld Residuals

Schoenfeld residuals are based on the covariate values at the event times and the differences

between observed and expected covariate values (Cheung et al., 2021). This residual differs

from those considered previously in one important respect. This is that there is not a single

value of the residual for each individual, but a set of values, one for each explanatory

variable included in the fitted Cox regression model(Collett, 2023; He et al., 2020). The

27



ij-th Schoenfeld residual for Xij , the p-th explanatory variable in the model is given by

rSijp
= δij{xij −

∑
xijpexp(xT

ijβ̂)∑
s∈R(il) exp(xT

isβ̂)

whereR(tij) is the set of all individuals at risk at time tij . These residuals are used to assess

the proportional hazards assumption, as they should not exhibit any systematic patterns over

time if the assumption holds (Moore, 2016; Collett, 2023).

2.2.3.4 Score Residuals

Score residuals are calculated as the difference between the partial derivative of the log-

likelihood function with respect to the fixed effects parameters and their expected values

under the fitted model (Kaombe and Manda, 2023). It is given by:

vij =
∫ ∞

o

[
Xijp(t) − X̄p(β̂, t)

]
dm(tij)

where m(tij) is residual of ij-th unit at time tij , also called martingale residual, which

measures the excess number of events; and p denotes the number of covariates; while

(X̄)p =
∑
xijpexp(xT

ijβ̂)∑
s∈R(il) exp(xT

isβ̂)
is the weighted average of covariate risk sets. Score residuals

can be used to identify potential outliers and influential observations (Collett, 2023)

2.3 Parametric mixed-effects survival models

The previous sections focused on the use of semiparametric models for the analysis of

censored survival time data. The rationale for using these techniques, in particular the
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semiparametric proportional hazards regression model, was to avoid having to specify the

hazard function completely. The utility of the proportional hazards model stems from

the fact that a reduced set of assumptions is needed to provide hazard ratios that are

easily interpreted and clinically meaningful. However, there may be settings in which

the distribution of survival time, through previous research, has a known parametric form

that justifies the use of a fully parametric model to address the goals of the analysis better

(Duchateau and Janssen, 2008; Wienke, 2010). There are several texts that discuss parametric

survival time models (e.g.(Bagheri and Saadati, 2021; Jiang and Guterman, 2024; Emmert-

Streib and Dehmer, 2019)). This section shall briefly discuss parametric distributions for

baseline hazards that are relevant to the subject of mixed effects in survival analysis.

2.3.1 Exponential mixed-effects survival models

Considering an jth individual in ith group for whom the values of the p explanatory

variables in the model of equation 2.12 are all equal to zero. The hazard function for

such an individual is wih0(t). If the survival time of this individual has an exponential

distribution with parameter λ, then their hazard function is such that

h0(t) = λ (2.33)

Considering covariates, hazard rate hij(t|Xij) given by Jiang and Guterman (2024); Klein

et al. (2014); Moore (2016)

hij(t|xij) = wiλexp(x
′

ijβ) (2.34)
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The cumulative or integrated hazard rate is

H0(t) = λt (2.35)

The corresponding survivor function is

Sij(t) = exp
(

−wi

∫ t

0
λdu

)

= e−wiλt

(2.36)

and so the implied probability density function of the survival times is

f(t) = wiλexp(x
′

ijβ)e−wiλexp(x′
ijβ)t (2.37)

2.3.2 Weibull mixed-effects survival model

In practice, the assumption of a constant hazard function, or equivalently of exponentially

distributed survival times, is rarely tenable. A more general form of hazard function is such

that (Duchateau and Janssen, 2008; Moore, 2016)

h0(t) = λαtα−1 (2.38)

with λ > 0, α > 0. A scale parameter (λ) is a parameter that provides information on

the way the hazard (or density) is stretched out and the shape parameter (α) is a parameter

that allows the density to take a variety of shapes, depending on the value of the shape
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parameter. For α = 1, the hazard is constant over time (the exponential hazard). When

making this parametric assumption 2.38 for the baseline hazard, it follows that the event

times are Weibull distributed. Hence

hij = λαtα−1wiexp(x
′

ijβ) (2.39)

From the form of this hazard function 2.38, the survival time of the jth individual in i group

has a Weibull distribution with scale parameter λexp(x′
iβ) and shape parameter α. This

again is a manifestation of the proportional hazards property of the Weibull distribution.

This result shows that the effect of the explanatory variates in the model is to alter the scale

parameter of the distribution, while the shape parameter remains constant. It follows that

Sij(t) = exp
(

−
∫ t

0
λαsα−1wiexp(x

′

ijβ)ds
)

= exp(−λtαwiexp(x
′

ijβ))
(2.40)

and

fij(t) = λαtα−1wiexp(x
′

ijβ)exp(−λtαwiexp(x
′

ijβ)) (2.41)

2.3.3 Estimation of regression parameters in selected Parametric mixed

survival models

In the literature of statistics, several methods are used to estimate unknown parameters

in a frailty model. These methods include maximum likelihood methods that are only

applicable in parametric models, the EM algorithm, penalized partial likelihood, Markov
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Chain Monte Carlo(MCMC), and best linear unbiased predictor (BLUP) method (Munda

et al., 2012; Hosmer et al., 2008; Ripatti et al., 2002). Maximum likelihood estimation is not

straightforward for models that involve intractable integration. The maximum likelihood

estimation in the gamma frailty model is straightforward as the frailties can easily integrated

into the likelihood function and obtain the parameter estimates using classical maximum

likelihood techniques.

Following ideas from section 2.1, the conditional likelihood function for the jth subject in

ith cluster, with H0(t) the cumulative baseline hazard, is

Lij(ψ, β|wi) =
G∏

i=1

(
h0(t)wie

x
′
β
)δij

exp
(

−H0(t)wie
x

′
β
)

(2.42)

where ψ is a vector of parameters of the baseline hazard. For instance, in case of a Weibull

baseline hazard, ψ = (λ, α). Parameter estimation in the gamma model is straightforward

(Duchateau and Janssen, 2008). The frailty term can be integrated out and an explicit

representation of the unconditional survival function exists 2.42, which can be used to

derive the likelihood function.

The full likelihood function for the ith group with gamma frailty is given by (Klein and

Moeschberger, 2003)

Li(ψ, θ, β) =
n∏

i=1

∫ ∞

0

(
h0(t)wie

x
′
β
)δij

exp
(

−H0(t)wie
x

′
β
)
w1/θ−1e−w/θ

Γ(1/θ)θ1/θ
dw. (2.43)
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Rearranging the terms in 2.43, the following expression is obtained

Li(ψ, θ, β) =
n∏

i=1
h0(t)δije(X′

βδij)
∫ ∞

0

w1/θ+di−1e−w/θexp
(

−∑ni
i=1 H0(t)weX

′
β

)
Γ(1/θ)θ1/θ

dw

(2.44)

=
n∏

i=1
h0(t)δije(X′

βδij) Γ(1
θ

+ di)θ1/θ+di

Γ(1/θ)θ1/θ

∫ ∞

0

w
1
θ

+di−1exp
(

−w(1
θ

+∑ni
i=1 H0(t)eX

′
β)
)

Γ(1/θ + di)θ1/θ+di
dw

where di = ∑n
i=1 δij .

The term under the integral is the moment generating function (mgf) of a gamma distribution

with a pdf Γ(1/θ + di, 1/θ). Using this fact, the expression for the marginal likelihood

function is obtained by integrating out the frailty term w.

Li(ψ, θ, β) =
n∏

i=1
h0(t)δije(X′

ijβδij) Γ(1/θ + di)θ(1/θ+di)

Γ(1/θ)θ1/θθ(1/θ+di)
(

1/θ +∑n
i=1 H0(t)eX

′
ijβ
)(1/θ+di)

∫ ∞

0

w1/θ+di−1exp
(
−w

(
1/θ +∑n

i=1 H0(t)eXijβ
)) [

1/θ +∑n
i=1 H0(t)eX

′
ijβ
](1/θ+di)

Γ(1/θ + di)
dw

(2.45)

It is easy to see that the term under the integral is the pdf of Γ(1/θ, 1/θ+∑n
i=1 H0(t)eX

′
ijβ)

which integrates to 1. Therefore, the obtained marginal likelihood function is (Klein and
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Moeschberger, 2003; Duchateau and Janssen, 2008)

Li(ψ, θ, β) = Γ(1/θ + di)
∏n

i=1 h0(t)δijeX
′
ijβδij(

1/θ +∑n
i=1 H0(t)eX

′
ijβ
)(1/θ+di)

Γ(1/θ)θ1/θ

(2.46)

Taking the logarithm of this expression and summing over the clusters, the marginal loglikelihood

function is obtained as (Duchateau and Janssen, 2008), l(ψ, θ, β).

l(ψ, θ, β) =
n∑

i=1
[dilog(θ) − log(Γ(1/θ)) + log(Γ(1/θ + di)) − (1/θ + di)log(1+

θ
n∑

i=1
H0(t)eX

′
ijβ) +

n∑
i=1

δij(X
′

ijβ + log(h0(t)))]
(2.47)

The maximum likelihood estimates for ψ, θ, and β can be obtained by setting each of the

first-order derivatives to 0 and solving for the parameters of interest.

2.3.3.1 Estimating survival using Exponential Distribution with Gamma Frailty

Model

Suppose that the survival times of n individuals, t1, t2, ..., tn, are assumed to have an

exponential distribution with mean λ−1. For the exponential distribution,h0(t) = λ and

H0(t) = λt and on substituting into expression 2.47, the log-likelihood function observations

is given by (Collett, 2023)

l(λ, θ, β) =
n∑

i=1
[dilog(θ) − log(Γ(1/θ)) + log(Γ(1/θ + di)) − (1/θ + di)log(1+

θ
n∑

i=1
λteX

′
ijβ) +

n∑
i=1

δij(X
′

ijβ + log(λ))]
(2.48)
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The maximum likelihood estimates can be obtained by setting each of the first-order derivatives

to 0 and solving for the parameter of interest Collett (2023); Klein and Moeschberger

(2003); Duchateau and Janssen (2008).

The first partial derivative of the scale parameter λ is given by;

∂l(λ, θ, β)
∂λ

=
−(di + 1/θ)θ∑ni

j=1 tijexp(xij
′β)

1 + θ
∑ni

j=1 λtijexp(x
′
ijβ) + diλ

−1

=
−(diθ + 1)∑ni

j=1 tijexp(xij
′β)

1 + θ
∑ni

j=1 λtijexp(x
′
ijβ) + diλ

−1

(2.49)

The first partial derivative of the variance parameter estimate θ is given by

∂l(λ, θ, β)
∂θ

=
−(di + θ−1)∑ni

j=1 λtijexp(x
′
ijβ)

1 + θ
∑ni

j=1 λtijexp(x
′
ijβ) + θ−2log

1 + θ
ni∑

j=1
λtijexp(x

′

ijβ)


− I(di > 0)
di−1∑
l=0

(
θ − lθ2

)−1
+ diθ

−1

(2.50)

The partial first derivative of the regression parameter estimate β is given by;

∂l(λ, θ, β)
∂β

=
−(diθ + 1)∑ni

j=1 λtijexp(x
′
ijβ)xij

1 + θ
∑ni

j=1 λtijexp(x
′
ijβ) +

ni∑
j=1

δijxij (2.51)

The asymptotic variance-covariance matrix can also be derived from the loglikelihood

expression (Duchateau and Janssen, 2008; Collett, 2023). The asymptotic variance-covariance

matrix of the vector of parameter estimates is the inverse of the Fisher information matrix;

the estimated variance-covariance matrix is obtained as the inverse of the observed information
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matrix.

The second derivatives with respect to the parameters are given by

∂2l(λ, θ, β)
∂λ2 =

(di + 1/θ)
(∑ni

j=1 tijexp(xij
′β)
)2

(
1/θ +∑ni

j=1 λtijexp(x
′
ijβ)

)2 + diλ
−2 (2.52)

∂2l(λ, θ, β)
∂θ2 =I(di > 0)

di−1∑
l=0

1 + 2lθ
(lθ2 + θ) − 2logθ − 3

θ3

− 2
θ
log

 ni∑
j=1

λtijexp(x
′

ijβ) + 1/θ


−
3/θ + di + (4 + 2θdi)

∑ni
j=1 λtijexp(x

′
ijβ)(

θ + θ2∑ni
j=1 λtijexp(x

′
ijβ)

)2

(2.53)

∂2l(λ, θ, β)
∂β2 = (di + θ−1)(

θ−1 +∑ni
j=1 λtijexp(x

′
ijβ)

)2


 ni∑

j=1
λtijexp(x

′

ijβ)
2

−
ni∑

j=1
λtijexp(x

′

ijβ)x2
ij

1/θ +
ni∑

j=1
λtijexp(x

′

ijβ)



(2.54)

and so the asymptotic variance of λ̂ is

var(λ̂) =
{

−E
(
∂2l(λ, θ, β)

∂λ2

)}−1
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Consequently, the standard error of λ̂ is given by

se(λ̂) =
√
var(λ̂)

This result could be used to obtain a confidence interval for the mean survival time. In

particular, the limits of a 100(1 − α)% confidence interval for λ are λ̂ ± zα/2se(λ̂), where

zα/1 is the upper α/2-point of the standard normal distribution.

2.3.4 Post-estimation analysis for parametric mixed survival model

Diagnostic procedures for the assessment of model adequacy are as important in parametric

modeling as they are when the Cox mixed effects regression model is used in the analysis

of survival data. This is followed by a summary of graphical procedures for assessing

the suitability of models fitted to data that are assumed to have a Weibull, log-logistic, or

lognormal distribution (Collett, 2023; Klein and Moeschberger, 2003).

The graphical checks serve as a means of rejecting clearly inappropriate models, not to

prove that a particular parametric model is correct (He et al., 2020). In fact, in many

applications, several parametric models may provide reasonable fits to the data and provide

quite similar estimates of key quantities. The key tool is to find a function of the cumulative

hazard rate which is linear in some function of time (Collett, 2023). The basic plot is

made by estimating the cumulative hazard rate by the Nelson-Aalen estimator (Klein and

Moeschberger, 2003). To illustrate this technique, consider a check of the appropriateness

of the Weibull distribution. The cumulative hazard rate for loglogistic is H(x) = log(1 +
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axb). This implies that, for the log logistic model,

logexp[H(x)] − 1 = loga+ blogx,

so, a plot of log{exp[Ĥ(x)] − 1} versus log(x) should be approximately linear Klein and

Moeschberger (2003); Collett (2023). If the curves do not appear linear for each figure,

this is evidence that the parametric model does not provide an adequate fit to the data. The

slope of the line gives a crude estimate of b and the y intercept gives a crude estimate of

log(a). Here, Ĥ is the Nelson-Aalen estimator.

For the parametric regression problem, analogs of the residual plots can be made with

a redefinition of the various residuals to incorporate the parametric form of the baseline

hazard rates. The first such residual is the Cox-Snell residual that provides a check of

the overall fit of the model (Collett, 2023; Klein and Moeschberger, 2003). The Cox-Snell

residual, rij , is defined by rij = Ĥ(Tij|X),where Ĥ is the fitted model. If the model fits the

data then the r′
ijs should have a standard (λ = 1) exponential distribution, so that a hazard

plot of rij versus the Nelson-Aalen estimator of the cumulative hazard of the rij should be a

straight line with slope 1. The Cox-Snell residuals are given by (Klein and Moeschberger,

2003)

Exponential rCij = Tijexp(β̂TXij)

Weibull rCij = exp(β̂TXij)T γ̂
ij
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The martingale and deviance residuals were defined for Cox regression models. For a

parametric model, the martingale residual is defined by (Therneau et al., 2000)

Mij = δij − rij

and the deviance residual by (Klein and Moeschberger, 2003)

Dij = sign[Mij]{−2[Mij + δijlog(δij −Mij)]}l/2

As for the Cox model, the martingale residual is an estimate of the excess number of

deaths seen in the data, but not predicted by the model. In the parametric case, note that

the derivation of Mij as a martingale does not hold but, because the residuals are similar

in form to those for the Cox model, the name carries through (Klein and Moeschberger,

2003; Therneau et al., 2000). The deviance residuals are an attempt to make the martingale

residuals more symmetric about 0. If the model is correct, then, the deviance residuals

should look like random noise (Klein and Moeschberger, 2003). Plots of either the martingale

or deviance residuals against time, observation number, or acceleration factor provide a

check of the model’s adequacy (Collett, 2023; Therneau et al., 2000,?).
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2.4 Examples of studies that applied mixed-effects Cox

PHMM or mixed-effects parametric survival model to

some clustered data

This section provides a collection of examples from the literature dealing with interesting

frailty models. The main emphasis is to give an overview of the variety of applications of

frailty models in the solution of different statistical problems.

Ghavami et al. (2021) modeled time-dependent effects on survival in breast cancer using

a modified gamma frailty model with piecewise constant baseline hazards. After 20 years

of follow-up, it was demonstrated that the effects of tumor size, lymph node status, and

histologic grade are still significant predictors; however, the impacts of these risk variables

gradually fade with time from prognosis. Frailty models are one possibility to allow for

such kind of attenuation of prognostic effects.

Several shared frailty models with Weibull baseline hazard were used to the recurrence

of breast cancer by Feleke et al. (2022). The data set includes 322 women who received

treatment for breast cancer at the Felege Hiwot Comprehensive Specialized Hospital (FHCSH).

Age and the disease’s stage at the time of the first treatment were the two explanatory

factors used. The length of time until recurrence following treatment is the outcome of

interest. The covariate state, which is a factor with three levels, was incorporated into

the modeling of repeated durations. Other causes of death were viewed as appropriate

censorship and were therefore considered to be non-informative. The analysis takes into
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account using three models; the Cox proportional hazard model, the accelerated failure time

model, and shared frailty models. Adding a frailty term to the model results in a significant

rise in the log-likelihood. The discrete four-point frailty model fits the data better than the

gamma and log-normal frailty models, respectively, even if formal likelihood ratio tests are

inappropriate.

Using time dependent random effects and nonparametric random effect distribution, Manda

(2020) applied a shared frailty model with observable covariates to child survival data.. For

both approaches, full Bayesian inference using the Gibbs sampler algorithm was used for

computing posterior parameter for the mixing distribution and regression coefficients.

The impact of the frailty distribution on the relationship between survival times under the

discrete k-point, gamma, inverse Gaussian, and Poisson distributions was examined by

Bardo and Unkel (2023). Bardo and Unkel (2023) demonstrates how the frailty distribution’s

specification affects the association’s pattern and strength.

A spatially correlated frailty model was applied to Kenya infant mortality data by Daniel

et al. (2021). Spatial correlations between clusters are modeled using a correlation matrix

for the frailties (correlated frailty model). A couple of studies looking into different models

of spatial fragility are Azevedo et al. (2023) and Frévent et al. (2024).

Researchers in dentistry frequently deal with the issue of clustered event times. There are,

however, few instances of patient-focused dental research using frailty models. Fagbamigbe

et al. (2021) examined the amount of time until caries to develop. The Cox proportional

hazard frailty model was used by Zhang et al. (2019) to investigate sealant retention. A
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multilevel log-normal frailty model was used by Molina et al. (2021) to analyze Chinese

schoolchildren’s lifetime treatment restorations of carious lesions.
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Chapter 3

Research Methods

This chapter presents methodological approaches used to model clustered women’s birth

intervals. It describes the research design used to model clustered women’s birth intervals.

It further looks at model appropriateness and statistical analysis used.

3.1 Data

3.1.1 Research Design

The study is quantitative and uses secondary data from a well-rated nationwide survey. The

information-gathering approach is via structured interviews administered by well-trained

research assistants or field workers.

3.1.2 Data Sources and Description

This study obtained and analyzed data from the Demographic and Health Surveys (DHS)

across all districts in Malawi. Malawi is a country in south-eastern Africa that borders

Tanzania to the north, Zambia to the west, and Mozambique to its east, south, and west.

The country is divided into 28 administrative districts, with a total population of just

over 20 million people (NSO, 2017). The 2015-16 Malawi Demographic and Health
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Survey (2015-16 MDHS) was conducted between October 2015 and February 2016 by

the National Statistical Office (NSO) of Malawi in joint collaboration with the Ministry of

Health (MoH) and the Community Health Services Unit (CHSU). Malawi conducted its

first DHS in 1992 and again in 2000, 2004, and 2010. The 2015-16 MDHS is the fifth in

the series. The DHS Program was funded by the Malawi government, the U.S. Agency for

International Development (USAID), the National AIDs Commission (NAC), the United

Nations Children’s Fund (UNICEF), the United Nations Population Fund (UNFPA), and

UN Women. The survey is based on a nationally representative sample that provides

estimates at the national and regional levels and for urban and rural areas with key indicator

estimates at the district level. The survey included 26,361 households, 24,562 female

respondents, and 7,478 male respondents. The data are available at www.DHSprogram.com.

The survey used a two-stage stratified sampling design, with small enumeration areas(SEAs)

as primary sampling units and households as secondary units (NSO, 2017). Each district

was stratified into urban and rural areas; this yielded 56 sampling strata. Samples of SEAs

were selected independently in each stratum in two stages. In the first stage, 850 SEAs,

including 173 SEAs in urban areas and 677 in rural areas, were selected with probability

proportional to the SEA size and with independent selection in each sampling stratum.

The SEA size is the number of residential households in the SEA. A household listing

operation was implemented in all the selected SEAs during August-October 2016. The

resulting lists of households served as a sampling frame for the selection of households

in the second stage. In the second selection stage, a fixed number of 30 households per

urban cluster and 33 per rural cluster were selected with an equal probability of systematic
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selection from the newly created household listing. All women aged 15-49 who were either

permanent residents of the selected households or visitors who stayed in the household the

night before the survey were eligible to be interviewed.

3.1.3 Study outcome

The main outcome of this study was time in months to successive second births among

productive women in Malawi. The event time is defined as the interval between the date of

first birth and a second live birth or censoring. Women who had a second birth child were

deemed to have had the event(a second birth) and were assigned the number 1. Women

who gave first birth but not second birth or those who were not even impregnated during

the survey period are considered as censored for second birth interval analysis. Those who

did not have a second child before the period of study were censored and assigned the

number 0.

3.1.4 Explanatory Variables

The data are right censored and all the variables considered were categorical except continuous

age. The explanatory variables were educational status of woman(no education=0, primary=1,

secondary=2, tertiary=3),region(northern=0, central=1, southern=0), sex of first child(male

= 0, female = 1), age at first birth, survival status of index child(live = 1, dead = 0), wealth

index (poor=0, middle=1, rich=2), and contraceptive method(no method=0, traditional

Method =1, Modern Method=2) were the independent variables (Aychiluhm et al., 2020;

Ahammed et al., 2019; Bagheri and Saadati, 2021). The factor variables with more than
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two categories were coded as dummy variables. The set of values of the explanatory

variables in the survival mixed effects model is represented by the vector xij so that x

= (Age, Alive, Sex, Central, Southern, Rural, Primary, Secondary, Higher, Middle, Rich,

Traditional, Modern). These included independent variables in the model were selected

based on recommendations from the literature. In this study, 850 sample enumeration areas

were considered as clusters for the analysis.

3.2 Statistical methods

Descriptive graphs of the survivor function would be used for comparing the events experienced

at a time by two or more groups and the survival quantities of covariates to describe the

survival experience of women at specific times. The Kaplan–Meier estimator of the survival

curve give the estimate of survivor function among different groups of covariates to make

comparisons. In general, the pattern of one survivorship function lying above another

means the group defined by the upper curve has better survival than the group defined

by the lower curve (Feleke et al., 2022; Jiang and Guterman, 2024).

The differences in the survival distribution between the groups for each covariate are tested

using the log-rank test. The null hypothesis to be tested is that there is no difference

between the probabilities of an event(having a second child) occurring at any time point

for each group. This test is performed using the function survdiff from the survival

package (Therneau et al., 2015) in R.4.3.3 software. The survival difference between the

groups is statistically significant when the p-value is significant(p-value < 0.05).

46



3.2.1 Cox PH Mixed-Effects Survival Model with Normally Distributed

Random Effects

The following model was fitted:

hij(t) =h0(t)wiexp(x
′

ijβ)

=h0(t)wiexp(β1Age+ β2Live+ β3Sex+ β4Region+ β5Rural+

β6Educational + β7WealthIndex+ β8Contraceptive)

(3.1)

where h0(.) is the unknown baseline hazard, β is the vector of fixed-effects coefficients and

wi is the vector of random effects coefficients (Therneau et al., 2015). Notice that there is

no constant term in the linear component of this Cox proportional hazards mixed-effects

model. If a constant term b0, say, were included, the baseline hazard function could simply

be rescaled by dividing h0(t) by exp(β0), and the constant term would cancel out. It is

generally more convenient to work with an alternative representation of the frailty effect,

obtained by setting wi = exp(bi) (Therneau et al., 2015). The model in Equation 3.2 can

then be written

hij(t) =h0(t)exp(β1Age+ β2Live+ β3Sex+ β4Region+ β5Rural+

β6Educational + β7WealthIndex+ β8Contraceptive+ bi)
(3.2)

where bi ∼ Normal (0, σ2). In this model, bi = logwi is a random effect in the linear

component of the proportional hazards model.
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3.2.1.1 Estimation method for Cox PH Mixed Model with Normally Distributed

Random Effects.

The estimation procedure is a generalization of the results developed by (McGilchrist and

Aisbett, 1991). To find the best linear unbiased predictor, it is necessary to maximize the

penalized partial log-likelihood which has two components. The first component is the

partial log-likelihood of the failure times taking the random effects fixed and the second

component is related to the distribution associated with the random effects. The penalized

partial log-likelihood is

lpen(β, b) =
G∑

i=1
δij

x′

ijβ + bi − log
∑

l∈R(til)
exp(x′

ilβ + bl)
− 1

2σ2

G∑
i=1

b2
i (3.3)

where δ is the event indicator and R(til) is the set of women without second birth.

The maximization process proceeds iteratively by starting with a provisional estimate of σ2

and finding the estimates of the βs and the bis that maximize lp(β, b|t,X). Next, a marginal

log-likelihood, log Lm(β, σ2
b ), is obtained by integrating the log-likelihood in Expression

3.3 over the random effects bi. Ripatti et al. (2002) show that, at estimates β̂ of β, this is

well-approximated by

logLm(σ2
b ) = logLpen(β̂, b̂, σ2

b ) − 1
2 log(σ2n

b ) − 1
2 log|Ib|, (3.4)

where Ib is the n× n observed information matrix for the random effects, formed from the

negative second partial derivatives of log Lpen(β, b, σ2
b ) with respect to the bi, i = 1, 2, ..., n,
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evaluated at β̂, b̂, and |Ib| is the determinant of that matrix. Using the estimates of the βs,

the marginal log-likelihood in Equation 3.4 is then maximized with respect to σ2
b to give a

revised estimate of σ2
b . This process is repeated until the difference between two successive

estimates of σ2
b is sufficiently small.

Estimates of the random effects, b̂i, are also obtained from this iterative process based on

the method of restricted maximum likelihood (REML) estimation (Collett, 2023). REML

estimates are obtained from a likelihood function that is independent of β, and the REML

estimate of the variance of the random effects term is

σ̃2
b = n−2

{
n∑

i=1
b̃2

i + trace(Ṽb)
}

(3.5)

where Ṽb is the estimated variance-covariance matrix of the REML estimates of the bi, b̃i.

The trace of this matrix is just the sum of the estimated variances of the b̃i. The standard

error of σ̃2
b can be found from

se(σ̃2
b ) = √(2σ̃2

b )
[
n+ 1

σ̃4
b

trace(ṼbṼb) − 2 1
σ̃2

b

trace(Ṽb)
]−1/2

(3.6)

These standard errors is used to obtain approximate confidence intervals for the unknown

β-parameters (Collett, 2023). In particular, a 95% confidence interval for a parameter β

is the interval with limits β̂ ± 1.96se(β̂), where β̂ is the estimate of β, and 1.96 is the

upper 0.025-point of the standard normal distribution. If a 95% confidence interval for β

does not include zero, this is evidence that the value of β is non-zero. The corresponding

estimate of the hazard ratio is eβ . A 95% confidence interval for the hazard ratio, eβ , can
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be found simply by exponentiating the confidence limits for β. The value of greater than 1

of the hazard ratio for an explanatory variable xij implies increased birth intensity (shorter

birth interval between first and second child) relative to the baseline for whom x = 0.

Conversely, a less than 1 hazard ratio depicts a longer birth interval. To examine the main

hypothesis about the heterogeneity of risks between subjects, a likelihood ratio test is used

to test the null hypothesis that the frailty term has zero variance, that is, σ2 = 0. These

estimates and tests are performed using the function coxph from the survival package

(Therneau et al., 2015) in R.4.3.3 software.

3.2.2 Cox PH Mixed-Effects Survival Model with Gamma Distributed

Random Effects

The following model was fitted:

hij(t) =h0(t)wiexp(x
′

ijβ)

=αλwit
α−1exp(β1Age+ β2Live+ β3Sex+ β4Region+ β5Rural+

β6Educational + β7WealthIndex+ β8Contraceptive)

(3.7)

wherewi ∼ Γ
(

1
θ
, 1

θ

)
, h0() is unknown hazard function. When the random variable associated

with random effects wi is assumed to have a gamma distribution with unit mean and

variance θ, the corresponding random effects, bi = logwi, have an exp-gamma distribution.
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3.2.2.1 Estimation method for Cox PH Mixed Model with Gamma Distributed

Random Effects.

The log-likelihood function for the Cox proportional hazard mixed model with gamma-

distributed random effects is

l(β, b) =
G∑

i=1
δij

x′

ijβ + bi − log
∑

l∈R(til)
exp(x′

ilβ + bl)


+ n/θlogθ − nlogΓ(1/θ) −
n∑

i=1
{(1/θ)ebi − bi}

(3.8)

in which
∑n

i=1{(1/θ)ebi − bi} is the penalty term. This log-likelihood function is used to

estimate the components of β and b, and so terms involving θ alone are omitted to give the

penalized partial log-likelihood function

lpen(β, b) =
G∑

i=1
δij

x′

ijβ + bi − log
∑

l∈R(til)
exp(x′

ilβ + bl)
−

n∑
i=1

{θebi − bi} (3.9)

To obtain estimates of β, b, and θ, estimates of β and b are first taken to be the values

that maximize Equation 3.9 for a given value of θ. The marginal log-likelihood for θ, at

estimates β̂ and b̂ of β and b, is then used to obtain a revised estimate of θ. This has been

shown by Therneau et al. (2000) to be given by

logLm(θ) =logLpen(β̂, b̂, θ) + n/θ(1 − logθ)

−
n∑

i=1

{
(1/θ + δi)log(1/θ + δi) − log

[
Γ(1/θ + δi)

Γ(1/θ)

]} (3.10)

where δi is the event indicator for the i-th women. Maximising logLm(θ)in Equation 3.10

with respect to θ, leads to θ̂. This estimate is then used with Equation 3.9 to obtain updated
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estimates of β and b, and so on until the process converges.

The standard errors of the estimates are approximated from the inverse of the Hessian

matrix for the second partial derivatives of the marginal loglikelihood function logLm(θ).

These standard errors are used to obtain approximate 95% confidence intervals for the

unknown β-parameters. To examine the main hypothesis about the heterogeneity of risks

between subjects, a likelihood ratio test is used to test the null hypothesis that the frailty

term has zero variance, that is, σ2 = 0. These estimates and tests are performed using the

function coxph from the survival package (Therneau et al., 2015) in R.4.3.3 software.

3.2.3 Exponential Mixed-Effects Survival Model with Normally Distributed

Random Effects

The following model is fitted:

hij(t) =h0(t)exp(x
′

ijβ + bi)

=λexp(β1Age+ β2Live+ β3Sex+ β4Region+ β5Rural+

β6Educational + β7WealthIndex+ β8Contraceptive+ bi)

(3.11)

where bi ∼ normal (0, σ2), hij(t) is the hazard function for the jth woman from the ith

cluster with vector of covariate xij , β is the covariate effect, and bi is the random effects

for cluster i.
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3.2.3.1 Estimation of Exponential Mixed-Effects Survival Model with Normally

Distributed Random Effects

No explicit form of unconditional likelihood exists because of the intractable Laplace

transform. The likelihood of the data is of the form

L(β, λ, σ
2) = λexp(x′

ijβ + bi)exp(−λexp(x
′

ij + bi)t)dΦ(bi) (3.12)

with Φ as the cumulative distribution function of the normal distribution with mean zero

and variance σ2. No explicit form exists for the marginal likelihood for the lognormal

frailty model. Instead of integrating out the random effects analytically, the saddlepoint

approximation is used.

The maximum likelihood estimates for λ, σ2, and β are obtained by setting each of the

first-order derivatives of marginal likelihood to 0 and solving for the parameters of interest.

The standard errors are given by the square root of the diagonal elements of the inverse of

the information matrix of the marginal likelihood evaluated at (λ̂,σ̂2,β̂). To examine the

hypothesis about the heterogeneity of risks between subjects, a likelihood ratio test is used

to test the null hypothesis that the frailty term has zero variance-that is, σ2 = 0. These

tests are performed using the function parfm from the parfm 2.77 package in R.4.3.3

software (Munda et al., 2012).
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3.2.4 Exponential Mixed-Effects Survival Model with Gamma Distributed

Random Effects

The following exponential mixed-effects survival model with gamma-distributed random

effects is fitted:

hij(t) =h0(t)wiexp(x
′

ijβ)

=λwiexp(β1Age+ β2Live+ β3Sex+ β4Region+ β5Rural+

β6Educational + β7WealthIndex+ β8Contraceptive)

(3.13)

where wi ∼ Γ
(

1
θ
, 1

θ

)
, hij(t) is the hazard function for the jth woman from the ith cluster

with vector of covariate xij , β is the covariate effect, and wi the random effects term for

cluster i.

3.2.4.1 Estimation of the Exponential Mixed-Effects Survival Model with Gamma

Distributed Random Effects

The full likelihood function for the ith group with gamma random effects is given by (Klein

and Moeschberger, 2003)

Li(ψ, θ, β) =
n∏

i=1

∫ ∞

0

(
λwie

x
′
β
)δij

exp
(

−λtwie
x

′
β
)
w1/θ−1e−w/θ

Γ(1/θ)θ1/θ
dw. (3.14)

Marginal log-likelihood is obtained by integrating the log-likelihood in Expression 3.14

over the random effectswi. Maximum likelihood estimators for λ, β are found by maximizing
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this marginal loglikelihood.

l(λ, θ, β) =
G∑

i=1
[dilog(θ) − log(Γ(1/θ)) + log(Γ(1/θ + di)) − (1/θ + di)log(1+

θ
ni∑

j=1
λteX

′
ijβ) +

ni∑
j=1

δij(X
′

ijβ + log(λ))]
(3.15)

The maximum likelihood estimates of parameters is obtained by setting each of the first-

order derivatives to 0 and solving for the parameter of interest Collett (2023); Moore

(2016).

The first partial derivative of the scale parameter λ is given by;

∂l(λ, θ, β)
∂λ

=
−(di + 1/θ)θ∑ni

j=1 tijexp(xij
′β)

1 + θ
∑ni

j=1 λtijexp(x
′
ijβ) + diλ

−1

=
−(diθ + 1)∑ni

j=1 tijexp(xij
′β)

1 + θ
∑ni

j=1 λtijexp(x
′
ijβ) + diλ

−1

(3.16)

The first partial derivative of the variance parameter estimate θ is given by

∂l(λ, θ, β)
∂θ

=
−(di + θ−1)∑ni

j=1 λtijexp(x
′
ijβ)

1 + θ
∑ni

j=1 λtijexp(x
′
ijβ) + θ−2log

1 + θ
ni∑

j=1
λtijexp(x

′

ijβ)


− I(di > 0)
di−1∑
l=0

(
θ − lθ2

)−1
+ diθ

−1

(3.17)

The partial first derivative of the regression parameter estimate β is given by;

∂l(λ, θ, β)
∂β

=
−(diθ + 1)∑ni

j=1 λtijexp(x
′
ijβ)xij

1 + θ
∑ni

j=1 λtijexp(x
′
ijβ) +

ni∑
j=1

δijxij (3.18)
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The asymptotic variance-covariance matrix is also derived from the loglikelihood expression

(Duchateau and Janssen, 2008; Collett, 2023). The asymptotic variance-covariance matrix

of the vector of parameter estimates is the inverse of the Fisher information matrix; the

estimated variance-covariance matrix is obtained as the inverse of the observed information

matrix.

The second derivatives with respect to the parameters are given by

∂2l(λ, θ, β)
∂λ2 =

(di + 1/θ)
(∑ni

j=1 tijexp(xij
′β)
)2

(
1/θ +∑ni

j=1 λtijexp(x
′
ijβ)

)2 + diλ
−2 (3.19)

∂2l(λ, θ, β)
∂θ2 =I(di > 0)

di−1∑
l=0

1 + 2lθ
(lθ2 + θ) − 2logθ − 3

θ3

− 2
θ
log

 ni∑
j=1

λtijexp(x
′

ijβ) + 1/θ


−
3/θ + di + (4 + 2θdi)

∑ni
j=1 λtijexp(x

′
ijβ)(

θ + θ2∑ni
j=1 λtijexp(x

′
ijβ)

)2

(3.20)

∂2l(λ, θ, β)
∂β2 = (di + θ−1)(

θ−1 +∑ni
j=1 λtijexp(x

′
ijβ)

)2


 ni∑

j=1
λtijexp(x

′

ijβ)
2

−
ni∑

j=1
λtijexp(x

′

ijβ)x2
ij

1/θ +
ni∑

j=1
λtijexp(x

′

ijβ)



(3.21)
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and so the asymptotic variance of λ̂ is

var(λ̂) =
{

−E
(
∂2l(λ, θ, β)

∂λ2

)}−1

Consequently, the standard error of λ̂ is given by

se(λ̂) =
√
var(λ̂)

These standard errors are used to obtain 95% confidence intervals for the unknown β-

parameters (Collett, 2023). A 95% confidence interval for the hazard ratio, eβ , is found

simply by exponentiating the confidence limits for β. To examine the hypothesis about

the heterogeneity of risks between subjects, a likelihood ratio test is used to test the null

hypothesis that the frailty term has zero variance-that is, θ = 0. These estimates and tests

are performed using the function frailtyPenal from the frailtypack package in

R.4.3.3 software (Munda et al., 2012).
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3.2.5 Weibull Mixed-Effects Survival Model with Normally Distributed

Random Effects

The following Weibull mixed-effects survival model with normally distributed random

effects is fitted:

hij(t) =h0(t)exp(x
′

ijβ + bi)

=αλtα−1exp(β1Age+ β2Live+ β3Sex+ β4Region+ β5Rural+

β6Educational + β7WealthIndex+ β8Contraceptive+ bi)

(3.22)

where wi ∼ normal (0, σ2), hij(t) is the hazard function for the jth woman from the ith

cluster with vector of covariate xij , β the covarite effect, and wi the frailty term for cluster

i.

3.2.5.1 Estimation of Weibull Mixed-Effects Survival Model with Normally

Distributed Random Effects

No explicit form of unconditional likelihood exists because of the intractable Laplace

transform. The likelihood of the data is of the form

L(β, θ, σ
2) = αλexp(x′

ijβ + bi)tα−1exp(−λexp(x′

ij + bi)tα)dΦ(bi) (3.23)

with Φ as the cumulative distribution function of the normal distribution with mean zero

and variance σ2. No explicit form exists for the marginal likelihood of the lognormal

frailty model. Instead of integrating out the random effects analytically, the saddlepoint
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approximation is used.

The maximum likelihood estimates for λ, α, θ, and β are obtained by setting each of the

first-order derivatives of marginal likelihood to 0 and solving for the parameters of interest.

The standard errors are given by the square root of the diagonal elements of the inverse

of the information matrix of the marginal likelihood evaluated at (λ̂, α̂,θ̂,β̂). To examine

the hypothesis about the heterogeneity of risks between subjects, a likelihood ratio test

is used to test the null hypothesis that the frailty term has zero variance-that is, σ2 = 0.

These estimates and tests are performed using the function parfm from the parfm 2.77

package in R.4.3.3 software (Munda et al., 2012).

3.2.6 Weibull Mixed-Effects Survival Model with Gamma Distributed

Random Effects

The following Weibull mixed-effects survival model with gamma-distributed random effects

is fitted:

hij(t) =h0(t)wiexp(x
′

ijβ)

=αλwit
α−1exp(β1Age+ β2Live+ β3Sex+ β4Region+ β5Rural+

β6Educational + β7WealthIndex+ β8Contraceptive)

(3.24)

where wi ∼ Γ
(

1
θ
, 1

θ

)
, hij(t) is the hazard function for the jth woman from the ith cluster

with vector of covariate xij , β is the covarite effect, and wi the frailty term for cluster i.
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Maximum likelihood estimators for α, λ, α, andλ were found by maximizing the following

loglikelihood.

l(λ, αθ, β) =
G∑

i=1
[dilog(θ) − log(Γ(1/θ)) + log(Γ(1/θ + di)) − (1/θ + di)log(1+

θ
ni∑

i=1
λtαeX

′
ijβ) +

ni∑
j=1

δij(X
′

ijβ + log(λαtα−1))]

(3.25)

3.2.6.1 Estimation of the Weibull Mixed-Effects Survival Model with Gamma

Distributed Random Effects

The full likelihood function for the ith group with gamma frailty is given by (Klein and

Moeschberger, 2003)

Li(ψ, θ, β) =
n∏

i=1

∫ ∞

0

(
λαtα−1wie

x
′
β
)δij

exp
(

−
(
λtwie

x
′
β
)α) w1/θ−1e−w/θ

Γ(1/θ)θ1/θ
dw. (3.26)

Marginal log-likelihood is obtained by integrating the log-likelihood in Expression 3.26

over the random effects wi. The marginal loglikelihood function is obtained as (Duchateau

and Janssen, 2008),

l(ψ, θ, β) =
n∑

i=1
[dilog(θ) − log(Γ(1/θ)) + log(Γ(1/θ + di)) − (1/θ + di)log(1+

θ
n∑

i=1
λtαeX

′
ijβ) +

n∑
i=1

δij(X
′

ijβ + log(λαtα−1))]
(3.27)

The maximum likelihood estimates for λ, α, θ, and β is obtained by setting each of the

first-order derivatives to 0 and solving for the parameters of interest. Standard errors
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are computed as the square roots of the diagonal elements of the observed information

matrix of the marginal likelihood evaluated at (λ̂, α̂,θ̂,β̂). To examine the hypothesis about

the heterogeneity of risks between subjects, a likelihood ratio test is used to test the null

hypothesis that the frailty term has zero variance-that is, θ = 0. These tests are performed

using the function frailtyPenal from the frailtypack package in R.4.3.3 software

(Munda et al., 2012).

3.3 Model Selection procedure

In many cases, random effect term acts as a nuisance term in the model. The methods

based on the change in the −2logL̂ statistic, is used to compare parametric models that

incorporate frailty (Duchateau and Janssen, 2008). Then, model selection procedures is

applied to decide which components to include in a parametric model in the context of

frailty. The fitted models is subsequently used to draw inferences about their effects,

allowing for random effects.

However, the situation is more complicated for the Cox PHMM model. This is because

a penalised likelihood does not behave in the same way as the usual likelihood or partial

likelihood functions, since it contains unobservable random effects. Instead, the maximised

marginal log-likelihood statistic is used, which is logLm(σ̂2
b ) or logLm(θ̂) for lognormal

and gamma frailties, respectively. Differences in the values of −2logLm(σ̂2
b ) or −2logLm(θ̂),

is compared with percentage points of a χ2
1 distribution in the usual manner. In the case

of lognormal frailty effects, the marginal likelihood based on the maximum likelihood
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estimates of the β’s is used, rather than that based on the REML estimates.

3.3.1 Testing for the presence of random effect

For a more precise determination of the significance of the random effect, the result that

the asymptotic distribution of the change in −2logL̂ is used, when a frailty term is added

to a fully parametric model, is an equally weighted mixture of a χ2
0 and χ2

0 distributions,

written 0.5(χ2
0 + χ2

1) (Moore, 2016; Duchateau and Janssen, 2008; Wienke, 2010). A χ2
0

distribution has a point mass at zero, and so if the random variable W has a 0.5(χ2
0 + χ2

0)

distribution, P (W = 0) = 0.5 and P (W > w) = 0.5P (χ2
1 > w) for w > 0. Consequently,

to apply this result, the P-value for testing the hypothesis that the frailty variance is zero is

just half of that obtained from using a χ2
1 distribution.

In the case of the Cox PHMM model, fitted using the method of penalised partial log-

likelihood the significance of a frailty term is assessed using the −2logL̂m statistic formed

from the maximised marginal log-likelihood. For normal random effects, the maximised

marginal log-likelihood for the model with random effect, obtained from maximum likelihood

estimation and not REML, can be compared directly with the maximised partial log-likelihood

for the corresponding Cox regression model without random effect. A similar process is

used when gamma frailty effects are assumed, but here the total number of events,
∑n

i=1 δi,

has to be added to the maximised marginal log-likelihood. As with parametric modelling,

this test procedure is only approximate, and bootstrapping is required for a more reliable

assessment of the magnitude of the random effect (Jiang and Guterman, 2024; Collett,

2023).
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3.4 Post-estimation statistics

The martingale and deviance residuals were used to assess the goodness of the fit. Martingale

residuals are defined as the difference between the observed event indicator (0 or 1) and the

corresponding predicted hazard at each event time (Collett, 2023). These residuals are

given by (Therneau et al., 2000; He et al., 2020)

mij = δij − Ĥ0(tij)exp(xT
ijβ̂) (3.28)

Martingale residuals are useful for detecting outliers and influential observations. A plot

of these residuals versus the covariate xij reveals discrepancies in the model and the actual

functional form of this covariate.

Deviance residuals are calculated based on the logarithm of the likelihood ratio, comparing

the likelihood of the observed data under the fitted model to the likelihood of the saturated

model (Collett, 2023). It is defined in terms of the martingale residual as follows Collett

(2023)

dij = sign(mij) × {−2 × [mij + δijlog(δij −mij)]}1/2 (3.29)

Deviance residuals are symmetrically distributed with an expected value of 0 if the fitted

model is correct).

If the structure of the fitted model is particularly sensitive to one or more observations in

the data set, such observations is detected using diagnostics that are designed to highlight

observations that influence the complete set of parameter estimates in the risk score. The
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influence of observation on the overall fit of the model is examined by which the value

of minus twice the logarithm of the maximized likelihood, −2logL̂, under a fitted model,

changes when observation, in turn, is left out. Write logL(β̂) for the value of the maximized

log-likelihood when the model is fitted to all n observations, and logL(β̂(i)) for the value

of the maximized log-likelihood of the n observations when the parameter estimates are

computed after omitting the ith observation from the fit. The diagnostic

2{logL(β̂) − logL(β̂(i))} (3.30)

is useful in the study of influence (Collett, 2023; He et al., 2020).
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Chapter 4

Research Results

This chapter illustrates the application of the shared frailty model on clustered women’s

birth intervals data. It presents the corresponding results and compares the main methods:

Cox PH mixed-effects survival model with normal and gamma distributed random effects,

Exponential mixed-effects survival model with normal and gamma distributed random

effects, and Weibull mixed-effects survival model with normally and gamma distributed

random effects.

4.1 Data Summary

Table 1 shows demographic information for the birth interval data and variables considered

for the individual level. A total of 3829(20.2%) mothers did not have a second child while

15159(79.8%) mothers had a second child making 18988 participants in the study. The

mean ages of mothers who did not have a second child and those with a second child were

19.3 and 18.3 years, respectively. The majority of mothers (74.4%) without a second child

and (81.9%) with a second child live in rural places. About 19.2% of mothers without a

second child and 19.6% of mothers with a second child were from the northern region,

and 34.1% of mothers without a second child and 33.5% of mothers with a second child

were from central. The majority of mothers who did not have a second child (56.3%) and

65



those who had a second child (64.3%) had primary education, and the minority 4.9% of

mothers who did not have a second child and those who had a second child 1.6% had

tertiary education. About 46.6% of mothers without second child and 42.3% of mothers

with second child were rich and 46.6% of mothers and 42.3% of the uncensored were poor.

Almost all (95.5%) of the mothers without a second child and 86.1% of the mothers with

a second child had a first live child. Around 51.9% of mothers who did not have a second

child and 40.5% of the mothers who had a second birth did not utilize contraceptives during

the preceding birth. Regarding the sex of the previous child, 50.2% of mothers without a

second child and 50.4% of mothers with a second child had a female child as their first

child.

4.2 Results for Univariate Analysis

The Kaplan-Meier and log-rank tests were used to analyze univariate associations of the

birth intervals for proximate determinants, and socioeconomic and demographic characteristics.

Figure 1 shows Kaplan-Meier for the place of residence, region, education level of mother,

and status of first child. The estimated survivor functions for place of residence show that

the birth interval is shorter for rural women than for urban women. This means that at any

time t, the estimated probability of not having a second child beyond t is greater for urban

women than for rural women. Because the estimated survival function for urban women

does not go to zero, the largest observation was a woman without a second child. The

fig. 1 also shows a separation of the survival functions for the three regions. The estimated

survival functions for the region are not completely separated. Generally, the pattern of
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one survival function lying above another means the group defined by the upper curve

has a longer birth interval than the group represented by the lower curve. The statistical

question of whether the observed difference in survival curves is statistically significant is

tested by log-rank test. Based on a classical log-rank test given in table 1, the P-values

were <0.001, <0.001,<0.001, and <0.001 for the place of residence, region, education level

of the mother, and status of the first child respectively

The Kaplan-Meier survivor function estimates for the sex of the first child, wealth index,

and current contraceptive method, are plotted in section 4.2. This figure shows that the

estimated survivor function for those women who are rich and also middle is always greater

than that of poor women. The survival curves for the sex of the first child are not separated

indicating that there is no difference in birth interval between women who had female first

and those who had male first child. The figure also shows that survivor function for the

women who do not use contraceptive methods always lies above that for women who use

contraceptive methods. Based on a classical log-rank test, the P-values were 0.800, <0.001,

and <0.001 for the sex of the first child, wealth index, and current contraceptive method

respectively.

From Table 1, the following variables appeared to be significantly related to second successive

births and were considered in multivariable analysis: age of mother at first birth, place of

residence, region, education level of mother, the status of the first child, wealth index, and

contraceptive method.
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Table 1: Background characteristics of study respondents (N = 18988) presented in means
and percentages for overall data

Variables

Mothers without
Second Child

Mothers with
Second Child Overall

Log-rank
P-value

(N=3829) (N=15159) (N=18988)
Age of Mother
at 1st birth
Mean (SD) 19.3 (3.3) 18.3 (3.0) 18.5 (3.1)
[Min, Max] [12.0, 40.1] [8.1, 36.9] [8.10, 40.1]
Place of
Residence

<0.001

Urban* 979 (25.6%) 2747 (18.1%) 3726 (19.6%)
Rural 2850 (74.4%) 12412 (81.9%) 15262

(80.4%)
Region <0.001
Northern* 736 (19.2%) 2977 (19.6%) 3713 (19.6%)
Central 1307 (34.1%) 5072 (33.5%) 6379 (33.6%)
Southern 1786 (46.6%) 7110 (46.9%) 8896 (46.9%)
Education <0.001
No Education* 191 (5.0%) 2465 (16.3%) 2656 (14.0%)
Primary 2162 (56.5%) 9815 (64.7%) 11977

(63.1%)
Secondary 1287 (33.6%) 2630 (17.3%) 3917 (20.6%)
Tertiary 189 (4.9%) 249 (1.6%) 438 (2.3%)
Sex of Child 0.800
Male* 1923 (50.2%) 7637 (50.4%) 9560 (50.3%)
Female 1906 (49.8%) 7522 (49.6%) 9428 (49.7%)
Death of First
Child

<0.001

Dead* 173 (4.5%) 2108 (13.9%) 2281 (12.0%)
Alive 3656 (95.5%) 13051 (86.1%) 16707

(88.0%)
Wealth Index <0.001
Poor* 1405 (36.7%) 5812 (38.3%) 7217 (38.0%)
Middle 640 (16.7%) 2940 (19.4%) 3580 (18.9%)
rich 1784 (46.6%) 6407 (42.3%) 8191 (43.1%)
Contraceptive
Method

<0.001

No Method* 1986 (51.9%) 6139 (40.5%) 8125 (42.8%)
Traditional
Method

25 (0.7%) 176 (1.2%) 201 (1.1%)

Modern method 1818 (47.5%) 8844 (58.3%) 10662
(56.1%)

* Reference variable
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Figure 1: Plots of the Kaplan-Meier curve estimates comparing waiting time to second
childbirth across levels of mother characteristics.
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Figure 2: Plots of the Kaplan-Meier curve estimates comparing waiting time to second
childbirth across levels of mother characteristics.
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4.3 Results for multivariable analysis

To avoid making specific assumptions about the form of the underlying baseline hazard

function, a Cox PHMM regression model was fitted that includes the mother’s age at first

birth, place of residence, region, education level of the mother, the status of the first child,

wealth index, and contraceptive method. To test the hypothesis that all random effects are

zero in the presence of the explanatory variables, the value of the −2logL̂ statistic for the

fitted Cox model, which is 266734 compared with values of the maximized marginal log-

likelihood statistic, −2logL̂m, for Cox models with random effect.

When a normal random effect term is added, the value of the maximized marginal log-

likelihood statistic, −2logLm(σ̂2
b ), is 266358.8, and this leads to a change in the value of

the −2logL̂m statistic of 375.2, which is significant (P = <0.001). On fitting models with

gamma random effects, a likelihood ratio test for the frailty is the difference between the

twice log partial-likelihood with the random effect term integrated out which is 266723,

and the twice loglikelihood of a no-frailty model. The results is 11 and it has one degree of

freedom with a p-value = 0.001.

To compare the parameter estimates for the various terms and their standard errors, Table

2 shows the estimates for the fitted Cox models, including the estimated variances of a

normal random effect and gamma random effects. The Cox PHMM with normal random

effects chooses the estimate of the random effect using a REML criterion. REML method

has a slightly larger estimated random effect variance of 0.014 as compared to the gamma

random effect variance of 0.005. There is a slight difference in the hazard ratio and standard
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error obtained when either a normal or gamma random effect is included.

An exponential proportional hazards model was fitted that contains the mother’s age at

first birth, place of residence, region, education level of the mother, the status of the first

child, wealth index, and contraceptive method. The value of the −2logL̂ statistic for

this model is 146070.1. A normally distributed random effect is introduced, by adding

it to the linear component of the model and maximizing the likelihood function. The

Exponential model with normal random effect has a−2logL̂ value of 146117.4, which is

larger than exponential model without random effects by 47.2. This means that there is

no substantial heterogeneity between the birth intervals of the women. The variance of

the normal random effect corresponding to the exponential is 0.009. When the gamma

random effect is introduced, the corresponding variance is 0.008. The exponential model

with gamma random effects has a −2logL̂ value of 146070, and so the addition of the

frailty term leads to a reduction in the value of the 146070 statistic of 0.1. This change is

not significant (P = 0.751).

On fitting a Weibull model containing age of mother at first birth, place of residence, region,

education level of mother, status of first child, wealth index, and contraceptive method, the

value of the −2logL̂ statistic is 139670.2. To take account of cluster effects, a normal

shared random effect is added, and the −2logL̂ statistic decreases to 138942.3, and the

change in −2logL̂ on adding the random effect is 727.9. Comparing this reduction with

percentage points of a χ2
1 distribution, the random effect is highly significant, with a P-

value of less than 0.001. This means that there is substantial heterogeneity between the

birth intervals of the women in this study. A less conservative estimate of the significance
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Table 2: Maximum likelihood estimates from Cox survival mixed effects models with
normal and gamma distributed random effects for the effects of women characteristics on
birth interval, 2015-16 MDHS.

Cox PHMM with Normal RE Cox PHMM with Gamma RE

Covariates HR SE 95% CI P-val HR SE 95% CI P-val
Age of
Mother

0.998 0.003 (0.991, 1.004) 0.380 0.998 0.003 (0.993, 1.003) 0.334

Place of
Residence
Urban*
Rural 1.261 0.026 (1.203, 1.321) <0.001 1.264 0.025 (1.204, 1.327) <0.001
Region
Northern*
Central 1.083 0.026 (1.032, 1.136) 0.002 1.084 0.025 (1.033, 1.138) 0.002
Southern 0.926 0.025 (0.886, 0.968) 0.003 0.927 0.023 (0.886, 0.971) 0.003
First
Child
Status
Dead*
Live 0.613 0.024 (0.578, 0.651) <0.001 0.611 0.024 (0.583, 0.641) <0.001
Level of
Education
No
education*
Primary 0.945 0.023 (0.896, 0.996) 0.009 0.943 0.023 (0.901, 0.987) 0.011
Secondary 0.637 0.031 (0.597, 0.680) <0.001 0.636 0.031 (0.599, 0.676) <0.001
Tertiary 0.459 0.070 (0.400, 0.527) <0.001 0.458 0.070 (0.399, 0.524) <0.001
Wealth
Index
Poor*
Middle 0.968 0.023 (0.925, 1.013) 0.150 0.965 0.023 (0.923, 1.009) 0.143
Rich 0.948 0.022 (0.909, 0.989) 0.013 0.945 0.021 (0.906, 0.985) 0.016
Contraceptive
Method
No
Method*
Traditional 1.272 0.077 (1.093, 1.481) 0.002 1.271 0.077 (1.093, 1.477) 0.002
Modern 1.350 0.017 (1.306, 1.396) <0.001 1.346 0.017 (1.302, 1.392) <0.001
Variance 0.014 <0.001 0.005 0.001
−2L̂ 266358.8 266724
(*) = Reference category, HR = Hazard ratio, SE = Standard error, CI = Confidence interval,
P-val = P-value
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Table 3: Maximum likelihood estimates from Exponential survival mixed effects models
with normal and gamma distributed random effects for the effects of women characteristics
on birth interval, 2015-16 MDHS.

Exponential MM with Normal RE Exponential MM with Gamma RE

Covariates HR SE 95% CI P-val HR SE 95% CI P-val
Age of
Mother

0.995 0.003 (0.990, 0.999) 0.037 0.995 0.003 (0.990, 0.999) 0.042

Place of
Residence
Urban*
Rural 1.174 0.025 (1.118, 1.234) <0.001 1.175 0.024 (1.119, 1.235) <0.001
Region
Northern*
Central 1.042 0.025 (0.992, 1.096) 0.103 1.042 0.024 (0.992, 1.095) 0.08
Southern 0.955 0.024 (0.911, 1.001) 0.053 0.955 0.022 (0.911, 1.001) 0.033
First
Child
Status
Dead*
Live 0.749 0.024 (0.715, 0.785) <0.001 0.749 0.024 (0.715, 0.785) <0.001
Level of
Education
No
education*
Primary 0.955 0.023 (0.913, 0.999) 0.048 0.957 0.023 (0.914, 1.001) 0.053
Secondary 0.720 0.031 (0.678, 0.765) <0.001 0.719 0.030 (0.677, 0.764) <0.001
Tertiary 0.539 0.070 (0.470, 0.619) <0.001 0.539 0.069 (0.470, 0.619) <0.001
Wealth
Index
Poor*
Middle 0.975 0.023 (0.932, 1.020) 0.277 0.976 0.023 (0.933, 1.021) 0.204
Rich 0.967 0.021 (0.927, 1.008) 0.112 0.965 0.021 (0.926, 1.007) 0.072
Contraceptive
Method
No
Method*
Traditional 1.261 0.077 (1.084, 1.467) 0.003 1.261 0.077 (1.084, 1.467) 0.002
Modern 1.280 0.017 (1.238, 1.323) <0.001 1.280 0.017 (1.239, 1.323) <0.001
Variance 0.009 0.007 0.008 0.004
λ 0.027 0.002 0.026 0.002
−2L̂ 146117.4 146070
(*) = Reference category, HR = Hazard ratio, SE = Standard error, CI = Confidence interval,
P-val = P-value
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of the effect is found by referring the change in −2logL̂ to a 0.5(χ2
0 + χ2

1) distribution,

equivalent to halving the P-value from a comparison with a χ2
1 distribution, and it is then

even more significant. The variance of the normal random effect is 0.009.

When a Weibull model is fitted together with a gamma random effect, the gamma random

effect has variance θ̂ = 0.008. The Weibull model with gamma random has a −2logL̂

value of 138900.8, and so addition of the frailty term leads to a reduction in the value of the

−2logL̂ statistic of 769.2. This change is highly significant (P < 0.001), and greater than

that when a normal random effects is introduced.

As with the Weibull mixed effects model, the standard errors are slightly larger than in Cox

PHMM and exponential model, but the hazard ratio estimates in table 2, table 3, and table 4

are broadly similar. As for the Weibull model, the gamma frailty model leads to the smallest

value of the −2logL̂ statistic and is a best fit to the data than five models. Therefore, the

post-estimation and results interpretation are based on the Weibull regression model with

gamma distributed random effects.

In the presence of gamma random effect, a hazard ratio (HR) for the mother’s age at first

birth is 0.995. However, the 95% confidence interval for this estimate ranges from 0.990

to 1.001, reflecting the much greater uncertainty about the age at first birth effect when

account is taken of gamma random effect. The hazard ratio for the woman whose first

child is 0.709 which is significant. This shows that a woman whose first child is alive has

a 29.1% lower hazard of having a second child compared to a woman whose first child

is dead. This shows that women with a deceased first child went on to have a second
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Table 4: Maximum likelihood estimates from Weibull survival mixed effects models with
normal and gamma distributed random effects for the effects of women characteristics on
birth interval, 2015-16 MDHS.

Weibull MM with Normal RE Weibull MM with Gamma RE

Covariates HR SE 95% CI
P-

value HR SE 95% CI P-val
Age of
Mother

0.995 0.003 (0.990, 1.001) 0.093 0.995 0.003 (0.990, 1.001) 0.067

Place of
Residence
Urban*
Rural 1.357 0.039 (1.258, 1.463) <0.001 1.356 0.052 (1.258, 1.461) <0.001
Region
Northern*
Central 1.116 0.041 (1.030, 1.210) 0.007 1.118 0.046 (1.032, 1.212) 0.007
Southern 0.933 0.038 (0.865, 1.007) 0.075 0.934 0.036 (0.866, 1.009) 0.082
First
Child
Status
Dead*
Live 0.715 0.026 (0.680, 0.752) <0.001 0.709 0.018 (0.674, 0.746) <0.001
Level of
Education
No
education*
Primary 1.048 0.025 (0.998, 1.101) 0.060 1.043 0.026 (0.993, 1.096) 0.096
Secondary 0.731 0.033 (0.685, 0.780) <0.001 0.725 0.024 (0.680, 0.773) <0.001
Tertiary 0.500 0.074 (0.432, 0.578) <0.001 0.497 0.037 (0.430, 0.574) <0.001
Wealth
Index
Poor*
Middle 0.938 0.024 (0.895, 0.984) 0.008 0.938 0.023 (0.895, 0.984) 0.009
Rich 0.895 0.023 (0.856, 0.937) <0.001 0.897 0.021 (0.857, 0.938) <0.001
Contraceptive
Method
No
Method*
Traditional 1.489 0.080 (1.274, 1.741) <0.001 1.487 0.118 (1.270, 1.739) <0.001
Modern 1.588 0.018 (1.532, 1.645) 0.001 1.582 0.029 (1.527, 1.640) <0.001
Variance 0.116 0.009 <0.001 0.110 0.008 <0.001
λ 0.001 0.0001 0.001 0.0001
α 1.798 0.011 1.805 0.011
−2L̂ 138942.3 138900.8
(*) = Reference category, HR = Hazard ratio, SE = Standard error, CI = Confidence interval,
P-val = P-value 76



birth faster. This study shows that mothers with secondary and tertiary levels of education

had a lower hazard rate of 0.725 and 0.497 respectively compared to those with no formal

education. There is no significant difference in birth interval for women with primary

education and those with no formal education. The place of residence of mothers who

reside in the urban areas was set as the reference category. Comparing the rural to urban,

it can be seen that, rural mothers have a hazard ratio of 1.117. Hence rural mothers have

increased birth intensity (shorter birth interval) as compared to urban mothers. Women

from the central region have shorter birth intervals than women from the central with a

hazard ratio of 1.118. There is no significant difference in birth interval between women

from the northern and southern regions. This study also shows that there is a significantly

lower hazard rate for mothers who are rich and middle compared to those who are poor.

Finally, the study shows that the hazard rate of having a second child is higher in women

who are currently using modern and traditional contraceptive methods when compared

to mothers who are not using contraceptive methods. These estimated hazard ratios are

conditional on shared frailty, and so refer to a woman with a specific random effect value.

For Weibull with gamma random effect, the hypothesis that variance θ = 0 can be rejected,

meaning the effects of unobserved heterogeneity are not negligible. This parameter was

estimated taking into consideration the variation between enumeration areas in Malawi.

The shared parameter of the women indicates that those grouped into the same cluster or

area have similar characteristics or share the same birth interval but differ between or from

cluster to cluster. In other words, the probability of having a second child may be similar

within a cluster but different between clusters due to some characteristics that were not or

could not be measured.
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4.4 Assessment of model fit

The fitness of the Weibull mixed-effects model with gamma-distributed random effects and

outliers is examined from the martingale and deviance residuals plots. Figure 3 illustrates

the martingale residuals against covariates. This plot displays the functional form required

for the covariate helped by superimposing a smoothed curve that is fitted to the scatterplot.

The residual scatter ranges between -24 to 1. The residuals that are close to unity correspond

to women who have shorter birth intervals than estimated by the model. Meanwhile,

negative residuals indicate that women have long birth intervals yet are expected to have a

second child earlier. The smoothed curve indicates that there is no need for anything other

than a linear term in covariates.

Furthermore, the plot of the deviance residual against linear predictor(risk score variable)

is presented fig. 4. The risk score variable for every sample is constructed based on the

given covariates. This is done by multiplying the covariate value with the corresponding

regression coefficient estimated from the full likelihood approach and then taking the sum

over the products. The plot that the deviance residual against the linear predictor has a

distinct pattern in that the deviance residual values tend to be more dispersed downward

with the increased values of the risk score. This shows that there are influential observations

in the data.

Upon identifying the influential observations to the model, their impact on regression

parameter estimates is analyzed by re-fitting the model to data without the detected influential

observations and observing the changes in parameter estimates and −2logL̂m. This is done
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Figure 3: Plot of the Martingale residuals against explanatory variables
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Figure 4: Plot of the deviance residuals against linear predictor
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at a cutoff of ±3 and ±2 in which 160 and 463 observations are dropped respectively. This

is done to make residuals roughly symmetrically distributed around the zero line.

The Table 5 shows results for the Weibull model with gamma random effects without

identified influential observations. The findings show that the removal of 160 influential

observations from analysis resulted in a reduction in −2logL̂m by 5558.5. There is also

a reduction in the variance of the gamma random effect. The estimated hazard ratio

of the mother’s age at first birth is significant and the hazard ratio for wealth index is

not significant which can be seen in Table 5 when fitting the model without observation

160. Removing 463 influential observations from analysis resulted in further reduction

−2logL̂m in −2logL̂m by 10127.5. The variance of gamma random effects also got lower

when 463 influential observations were removed. It is shown in Table 5 that the impact of

463 influential observations on the estimate of predictors of the birth interval was so huge

compared to that of 163 influential observations.
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Table 5: Maximum likelihood estimates from Weibull survival mixed effects models with
gamma-distributed random effects without influential observations for the effects of women
characteristics on birth interval, 2015-16 MDHS.

Without 160 Observations Without 463 Observations

Covariates HR SE 95% CI
P-

value HR SE 95% CI
P-

value
Age of
Mother

0.999 0.003 (0.994, 1.005) 0.0791 1.010 0.003 (1.005, 1.015) <0.001

Place of
Residence
Urban*
Rural 1.422 0.029 (1.335, 1.516) <0.001 1.377 0.042 (1.295, 1.463) <0.001
Region
Northern*
Central 1.082 0.036 (1.013, 1.156) 0.019 1.098 0.036 (1.030, 1.670) 0.004
Southern 0.905 0.029 (0.850, 0.963) 0.002 0.904 0.028 (0.852, 0960) 0.001
First
Child
Status
Dead*
Live 0.570 0.014 (0.543, 0.599) <0.001 0.526 0.013 (0.501, 0.552) <0.001
Level of
Education
No
education*
Primary 0.933 0.027 (0.890, 0.979) 0.005 0.948 0.023 (0.904, 0.995) 0.030
Secondary 0.580 0.019 (0.545, 0.618) <0.001 0.573 0.018 (0.538, 0.610) <0.001
Tertiary 0.329 0.024 (0.285, 0.380) <0.001 0.327 0.024 (0.283, 0.379) <0.001
Wealth
Index
Poor*
Middle 0.981 0.023 (0.937, 1.029) 0.441 0.981 0.023 (0.935, 1.026) 0.389
Rich 0.953 0.022 (0.912, 0.996) 0.034 0.975 0.022 (0.933, 1.019) 0.258
Contraceptive
Method
No
Method*
Traditional 1.226 0.098 (1.048, 1.434) 0.011 1.270 0.102 (1.085, 1.486) <0.003
Modern 1.418 0.024 (1.370, 1.467) 0.001 1.369 0.023 (1.323, 1.416) <0.001
Variance 0.056 0.006 <0.001 0.046 0.005 <0.001
λ 0.0004 0.0001 0.000020.0001
α 2.13 0.015 2.352 0.014
−2L̂ 133342.3 128773.3
(*) = Reference category, HR = Hazard ratio, SE = Standard error, CI = Confidence interval,
P-val = P-value 82



Chapter 5

Discussion and Conclusion

5.1 Discussion of results

Short or very long birth intervals have consequences for maternal and child health as well

as population fertility rate and growth. So, it is imperative to regularly study variations and

determinants of the length of birth intervals, especially in a country like Malawi, which

has been experiencing below-replacement fertility levels over the past two decades (Kopp

et al., 2018). Using recent data from the 2015-2016 Malawi Demographic Health Survey,

this study studied differentials in the length of birth intervals using a survival mixed effects

model. The major advantage of using survival models in analyzing birth interval data,

especially first birth, is using all of the data, even women who are censored. But, in other

statistical methods, these data must be excluded. In this study, the percentage of censoring

was 20.2%.

Under the Cox PHMM, the factors that increased birth intensity (shorter birth interval)

were: rural residence, central region, and contraceptive region. southern region, live first

child, education level, rich women have the opposite effect of decreasing birth intensity

(longer birth interval) as a result of the less than hazard ratio under the Cox model. The age

of the mother and middle wealth index were not significant predictors of the birth interval
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as their confidence interval contains one. The Cox PHMM with normal random effect has

−2logL̂ of 266358.8 providing a better fit than the Cox PHMM with gamma random effects

which has −2logL̂ of 266724. In both the Cox PHMM with gamma and normal random

effects inclusion of random effects were all significant.

The results of fitting parametric exponential mixed effects models show stronger effects

on the education level of the mother, age of the mother at first birth, and live first child,

(increase of birth intervals with increase in education and mother’s age at first birth) and

rural residence, and contraceptive method have shorter birth intervals. For the region of

residence, only exponential with gamma random effect shows a significant difference in

birth intervals between the southern and northern regions of residence. For both exponential

mixed effects models, the hypothesis that between-cluster variance is zero cannot be rejected.

This means that the effects of unobserved heterogeneity are negligible in exponential models

with normal and gamma random effects. The -2 log-likelihood suggests that the exponential

mixed effect model with gamma random effects provides a better fit than exponential

models with normal random effects.

Also, fitting parametric Weibull models with gamma and normal random effects shows that

mother‘s education and rich women, southern region, and live first birth residence decrease

birth intensity (longer birth interval) while rural residence, central region, and contraceptive

use gives the opposite effect of increasing birth intensity (shorter birth interval). The age

of the mother at first birth and middle wealth index are insignificant in determining birth

interval. In both the Weibull models with gamma and normal random effects inclusion of

random effects were all significant. The Weibull model with gamma random effects is a
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better fit compared to the Weibull model with normal random effects. Of all six models,

the Weibull model with gamma random effects is the best-fitted model because this model

gives the smallest −2logL̂ value.

In the Weibull model with gamma random effect, the survival status of the previous child

emerged as a significant protective factor for the birth intervals. This study finds that

the hazard of having a second child is 29.1% lower for women whose first child is alive

compared to those whose first child is dead. This can be explained by the fact that mothers

who experience the death of their first child might feel a stronger urge to have another child

sooner, driven by grief and the desire to fill the void left by the loss. Mothers with a healthy

first child might choose to space their children further apart to provide adequate care and

attention. This finding is in line with many other studies like Erfani et al. (2018); Bagheri

and Saadati (2021).

The hazard rates of having short birth intervals were higher among mothers who had no

formal education as compared to their women counterparts who attended secondary and

tertiary education. This finding is consistent with evidence from a study conducted in

(Bagheri and Saadati, 2021; Seyedtabib et al., 2020). This can be partly explained by the

fact that educated women are well-informed about optimal healthcare choices and have

greater autonomy to make decisions and use quality healthcare services.

Place of residence had a significant effect on the second birth interval. Mothers from rural

have a 35.6% higher hazard of having a second child compared to urban mothers. This

is consistent with the study by Erfani et al. (2018) who showed that women who lived in
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completely- developed regions in Tehran have their second child later than ones who lived

in developing regions. This can be explained by the fact that urban mothers have better

access to healthcare services, including family planning and reproductive health services,

allowing women to better plan their pregnancies than rural mothers.

The wealth index of the mother was also a strong predictor of birth interval. The significantly

lower hazard rate for wealthier mothers compared to poorer mothers can be explained by

the fact that wealthier mothers have better access to healthcare, including reproductive

health services and family planning. This access allows them to plan and space their

pregnancies more effectively. this is consistent with evidence from a study done by Shifti

et al. (2023). In contrast, a study conducted in Yohannes et al. (2011) showed that the

length of birth interval increased with increasing wealth index.

A higher hazard rate for women using contraceptives compared to those not using them

suggests these women might be having second children sooner than those not using any

contraception. This can be partly explained by the fact women might use contraceptives

to temporarily delay their next pregnancy to achieve the desired spacing between children.

Once they decide to have a second child, they discontinue use, leading to a concentrated

period of higher fertility. This is inconsistent with evidence from studies done by Erfani

et al. (2018); Bagheri and Saadati (2021) who showed that mothers who did not utilize

modern contraceptive methods before they got pregnant with their last child were more

likely to experience short birth intervals than those who used one.

The development of the Weibull model with gamma random effect is continued by checking
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the adequacy of the model using martingale and deviance residuals. In this study, the

martingale residuals plot against the explanatory variable indicates a linear term in covariates.

He et al. (2020); Kalbfleisch and Schaubel (2023); Dauda (2022) are examples of studies

that used the martingale residual plot to compare the performance of semi-parametric and

parametric models. The plot of deviance residuals against linear predictor indicates the

inadequacy of the model as the scatter plot is not symmetric around the zero line. One

possible reason for the poor fit is a high level of influential observation He et al. (2020).

This is supplemented by analyzing the impact of influential observation on regression

parameter estimates by re-fitting the model to data without the influential observation and

observing the changes in parameter estimates.

5.2 Study limitations

In this study only the gamma and the normal densities have been used as random effects

distribution. It might be of interest to consider other random effect distributions like

positive stable, compound poisson and inverse gaussian in future studies. This study also

used martingale and deviance residual to assess model adequacy although other residual

like Cox-snell residuals could been used. Another type of frailty modeling, which was not

addressed in this thesis is multi-level frailty modeling. A multi-level frailty model is when

more than one frailty term is used in the model.
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5.3 Conclusions

The primary objective of this project was to apply parametric and semiparametric survival

mixed effects regressions (shared frailty models) to model the length of time to successive

second births within the reproductive health of mothers in Malawi. Specifically, Cox PH

mixed-effects survival model with normal and gamma distributed random effects, Exponential

mixed-effects survival model with normal and gamma distributed random effects, and

Weibull mixed-effects survival model with normal and gamma distributed random effects

were fitted to observed birth interval data with an objective to compare the parameter

estimates and assess the estimated heterogeneity parameters. Weibull mixed-effects survival

model with gamma distributed random effects were found to be a better fit for describing

the birth interval data than other models.

The data used in this study were the 2015-16 Malawi demographic and health survey

(MDHS) data, where multi-stage cluster sampling was used as the sampling design. The

clusters were defined as 850 enumeration area and it is assumed that birth intervals for the

women from the same cluster are correlated because they share the same environment. This

study shows that some important covariates, which have been used in the models and varied

among the birth intervals. The study have found that the covariates place of residence,

mothers education, wealth index, current contraceptive use and survival status of previous

birth are significantly associated with birth interval. In this study, the observations within

specific area are found to be correlated.
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5.4 Recommendations

Most studies on birth spacing have been done using various methodologies to arrive at

their conclusions. Timing in birth spacing is very crucial as incorrect information in terms

of time interval between births can lead to wrong conclusions In view of this, the following

recommendations are made:

a) Birth spacing has to do with timing which is a continuous variable. Dichotomization

of the time between successive births may make interpretation of the model in terms

of odd ratios easy but will end up with loss of information. This is because a

continuous variable such as time is converted into a binary outcome.

b) For correct conclusions one has to analyze the original time until birth using survival

models. These models allow for the incorporation of censoring which do not discard

censored times in the analysis as would be the case if traditional linear models are

used.

c) If birth interval is clustered within mothers, responses to the overall effect of the

covariate on the birth intensity cannot be assumed to be independent. Hence using

the cox regression will lead to erroneous conclusions. To address such a question one

should consider using a survival mixed-effects model which allows for the correction

of the effects of unobserved heterogeneity. The frailty model allows for the introduction

of an observed frailty term that relaxes the independent assumption.

d) After a model has been fitted to an observed set of survival data, the adequacy of
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the model needs to be assessed. Indeed, the use of diagnostic procedures for model

checking is an essential part of the modelling process.

e) Citizens of Malawi must be educated on the birth interval. They must be made aware

of its wide-ranging socio-economic, socio cultural and demographic effects on health

issues such as birth spacing.

f) Health institutions in Malawi should not relent in their efforts to intensify education

in maternity and child health in order to reduce drastically maternal and infant mortality.
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Appendices

Appendix A

A.1 Ethical Approval

The Malawi National Statistical Office (NSO), along with the Measure DHS initiative,

gathered secondary data for the study. The data owners said that they followed ethical

guidelines when gathering data in the Malawi Demographic and Health Survey (MDHS)

reports from 2015–16 (NSO, 2017). After receiving online consent from the Measure DHS

program, these data were accessed via https://dhsprogram.com/data/dataset_admin/login_main.cfm.

Every method was used in compliance with the applicable rules and regulations.

A.2 R code used for data analysis in the birth interval study
#Loading the required packages
library(tidyverse)
library(survival)
library(haven)
library(table1)
library(survminer)
library(frailtypack)
library(parfm)

#Setting working directory
setwd("/home/chiku/Documents/Data")
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#Reading stata data
MWBR7AFL <- read_stata("MWBR7AFL.DTA")

#Selection required variable
data <- MWBR7AFL[c("caseid", "v004", "v008a", "

↪→ v012", "v024", "v025", "v130", "v131", "v106"
↪→ , "v190", "v212", "v312", "v313", "b1", "b2",
↪→ "b4", "b5", "b6", "b7", "bidx", "bord", "b8",
↪→ "b11", "b12", "b18", "b19", "sdist")]

#Selection second birth interval
data <- filter(data, bord ==1)

#Creating censoring variable(0 for women with no
↪→ second child)

data$status <- ifelse(is.na(data$b12), 0, 1)

#Getting time to successive birth in months
t1 <- ifelse(is.na(data$b12), data$b19, data$b12)
t2 <- ifelse(is.na(data$b12), data$b6, data$b12)
time <- ifelse(is.na(t1),t2,t1)

#Setting 0.5 time in month for women with time 0
time <- ifelse(time==0,0.5,time)
time <- as.numeric(time) #Setting time to numeric

cluster <- data$v004 #Cluster variable

data$b5 <- as.factor(data$b5) #Child is alive(1=
↪→ yes)

Age <- data$v212 #Age of the mother at first birth
data$b4 <- as.factor(data$b4) #Sex of the first

↪→ child
data$v024 <- as.factor(data$v024) #Region
data$v025 <- as.factor(data$v025) #Place of

↪→ residence
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data$v106 <- as.factor(data$v106) #level of
↪→ education

#Recoding Current contraceptive method
data$v313 <- ifelse(data$v313==2,1,data$v313)
data$v313 <- ifelse(data$v313==3,2,data$v313)
data$v313 <- as.factor(data$v313)

#Recoding Wealth index
data$v190 <- ifelse(data$v190==2,1,data$v190)
data$v190 <- ifelse(data$v190==3,2,data$v190)
data$v190 <- ifelse(data$v190==4,3,data$v190)
data$v190 <- ifelse(data$v190==5,3,data$v190)
data$v190 <- as.factor(data$v190)

#Plot of Kaplain-Meier and Log-rank for Place of
↪→ Residence

par(mfrow = c(2,2))

t<- survfit(formula = Surv(time, status)~v025,
↪→ data)

ggsurvplot(t, data = data,risk.table = TRUE,
legend.title = "Residence",
legend.labs = c("Urban", "Rural"),
ylab="birth interval survival probability",
xlab="Time in months",
title = "Kaplan-Meier for Place of residence"

)
survdiff(Surv(time, status)~v024, data = data)

#Plot of Kaplain-Meier and Log-rank for
↪→ Educational level

t<- survfit(formula = Surv(time, status)~v106,
↪→ data)

ggsurvplot(t, data = data,risk.table = TRUE,
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legend.title = "Educaional Level",
legend.labs = c("No education", "Primary", "

↪→ Secondary", "Tertiary"),
ylab="birth interval survival probability",
xlab="Time in months",
title = "Kaplan-Meier for Education Level of

↪→ Mother"
)
survdiff(formula = Surv(time, status) ~ v106, data

↪→ = data)

#Plot of Kaplain-Meier and Log-rank for Status of
↪→ first Child

t<- survfit(formula = Surv(time, status)~b5, data)
ggsurvplot(t, data = data,risk.table = TRUE,

legend.title = "Status of First Child",
legend.labs = c("Dead", "Alive"),
ylab="birth interval survival probability",
xlab="Time in months",
title = "Kaplan-Meier for Status of First Child

↪→ "
)
survdiff(formula = Surv(time, status) ~ b5, data =

↪→ data)

#Plot of Kaplain-Meier and Log-rank for Sex of
↪→ first Child

t<- survfit(formula = Surv(time, status)~b4, data)
ggsurvplot(t, data = data,risk.table = TRUE,

legend.title = "Sex of First Child",
legend.labs = c("Male", "Female"),
ylab="birth interval survival probability",
xlab="Time in months",
title = "Kaplan-Meier for Sex of First Child"

)
survdiff(formula = Surv(time, status) ~ b4, data =
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↪→ data)

#Plot of Kaplain-Meier and Log-rank for Wealth
↪→ Index

t<- survfit(formula = Surv(time, status)~v190,
↪→ data)

ggsurvplot(t, data = data,risk.table = TRUE,
legend.title = "Wealth Index",
legend.labs = c("Poor", "Middle", "Rich"),
ylab="birth interval survival probability",
xlab="Time in months",
title = "Kaplan-Meier for Wealth Index"

)
survdiff(formula = Surv(time, status) ~ v190, data

↪→ = data)

#Plot of Kaplain-Meier and Log-rank for
↪→ Contraceptive Method

t<- survfit(formula = Surv(time, status)~v313,
↪→ data)

ggsurvplot(t, data = data,risk.table = TRUE,
legend.title = "Contraceptive Method",
legend.labs = c("No Method", "Traditional", "

↪→ Modern"),
ylab="birth interval survival probability",
xlab="Time in months",
title = "Kaplan-Meier for Current Contraceptive

↪→ Method"
)
survdiff(formula = Surv(time, status) ~ v313, data

↪→ = data)

#Creating descriptive table 1
table1(~as.factor(v025) + v212 + as.factor(v024) +

↪→ as.factor(v106) + as.factor(v313) + as.
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↪→ factor(v190)+as.factor(b4) + as.factor(b5)|
↪→ status, data=data)

#Creating dummy variables for factor variables
data <- model.matrix(~v024+v025+v106+v190+v313+b4+

↪→ b5,data)[,-1]
data <- as.data.frame(data) #Setting data as data

↪→ frame

#Redefining variable names
Sex <- data$b42
Alive <- data$b51
Central <- data$v0242
Southern <- data$v0243
Rural <- data$v0252
Primary <- data$v1061
Secondary <- data$v1062
Higher <- data$v1063
middle <- data$v1902
rich <- data$v1903
traditional <- data$v3131
Modern <- data$v3132

#Binding the data
data <- cbind(Age, Alive, Sex, Central, Southern,

↪→ Rural, Primary, Secondary, Higher, middle,
↪→ rich, traditional, Modern, cluster, status,
↪→ time)

data <- as.data.frame(data) #Creating data frame

#Fitting Semiparamtric gamma frailty model
Semi_gamma <- coxph(formula = Surv(time, status)~

↪→ Age + Alive + Central + Southern + Rural +
↪→ Primary + Secondary + Higher + middle + rich
↪→ + traditional + Modern+ frailty.gamma(cluster
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↪→ ), data = data)
summary(Semi_gamma)
Semi_gamma$loglik

#Fitting Semiparamtric normal frailty model
Semi_lognormal <- coxme(Surv(time, status)~Age +

↪→ Alive + Central + Southern + Rural+ Primary +
↪→ Secondary + Higher + middle + rich +
↪→ traditional + Modern + frailty.gamma, data =
↪→ data)

Semi_lognormal
Semi_lognormal$loglik

#Running parametric gamma frailty model with
↪→ exponential baseline hazard

Exp_gamma <- parfm(Surv(time, status)~Age + Alive
↪→ + Central + Southern + Rural + Primary +
↪→ Secondary+ Higher + middle + rich+
↪→ traditional + Modern, cluster = "cluster",
↪→ data = data, dist = "exponential", frailty =
↪→ "gamma")

Exp_gamma
ci.parfm(Exp_gamma, level = 0.05, digits = 3)

#Running parametric lognormal frailty model with
↪→ exponential baseline hazard

Exp_lognormal <- parfm(Surv(time, status)~Age +
↪→ Alive + Central + Southern + Rural + Primary
↪→ + Secondary+ Higher + middle + rich+
↪→ traditional + Modern,cluster = "cluster",
↪→ data = data, dist = "exponential", frailty =
↪→ "lognormal", method = "CG")

Exp_lognormal
ci.parfm(Exp_gamma, level = 0.05, digits = 3)
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Wei_lognormal <-frailtyPenal(Surv(time, status)~
↪→ Age + Alive + Central + Southern + Rural +
↪→ Primary + Secondary + Higher + middle + rich+
↪→ traditional + Modern+cluster(cluster), data
↪→ = data, hazard = "Weibull", RandDist = "LogN"
↪→ )

Wei_lognormal
summary(Wei_lognormal, d= 3)

Wei_gamma <-frailtyPenal(Surv(time, status)~Age +
↪→ Alive + Central + Southern + Rural + Primary
↪→ + Secondary + Higher + middle + rich+
↪→ traditional + Modern+cluster(cluster), data =
↪→ data, hazard = "Weibull", RandDist = "Gamma"
↪→ )

Wei_gamma
summary(Wei_gamma, d=3)

# Predict martingale and deviance residuals and
↪→ linear predictors

data$martingale <- residuals(Wei_gamma, type = "
↪→ martingale")

data$deviance <- residuals(Wei_gamma, type = "
↪→ deviance")

data$linear_p <- predict(Wei_gamma, type = "lp")

data$Residual <- data$martingale
attach(data)

#Plotting martingale residuals
par(mfrow=c(3,2))
plot(Residual $\sim$ Age)
lines(lowess(Residual~Age))
title("Martingale residuals versus Age")
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plot(Residual $\sim$ Rural)
lines(lowess(Residual$\sim$Rural))
title("Martingale residuals versus Rural")

plot(Residual $\sim$ Alive)
lines(lowess(Residual$\sim$Alive))
title("Martingale residuals versus Alive")

plot(Residual $\sim$ Primary)
lines(lowess(Residual$\sim$Primary))
title("Martingale residuals versus Primary")

plot(Residual $\sim$ Secondary)
lines(lowess(Residual$\sim$Secondary))
title("Martingale residuals versus secondary")

plot(Residual $\sim$ Higher)
lines(lowess(Residual$\sim$Higher))
title("Martingale residuals versus Higher")

plot(Residual $\sim$ middle)
lines(lowess(Residual$\sim$middle))
title("Martingale residuals versus middle")

plot(Residual $\sim$ rich)
lines(lowess(Residual$\sim$rich))
title("Martingale residuals versus rich")

plot(Residual $\sim$ traditional)
lines(lowess(Residual$\sim$traditional))
title("Martingale residuals versus traditional")

plot(Residual $\sim$ modern)
lines(lowess(Residual$\sim$modern))
title("Martingale residuals versus modern")
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data$two <- 2
data$twon <- -2
plot(x = data$linear_p, y = data$deviance,
xlab = "Linear Predictors", ylab = "Deviance

↪→ Residuals")
lines(lowess(data$deviance ~ data$linear_p))
lines(x=data$linear_p, y = data$two)
lines(x=data$linear_p, y = data$twon)

#Drop observations based on residuals
dat <- data[data$deviance >= -3 & data$deviance <=

↪→ 3 ]

# Refit the Weibull model with gamma frailty on
↪→ the filtered data

weibull_frailty3 <- frailtyPenal(Surv(time, status
↪→ ) ~ Age + Alive + Central + Southern + Rural
↪→ + Primary + Secondary + Higher + middle +
↪→ rich + traditional + Modern + cluster(cluster
↪→ ), data = dat, hazard = "Weibull", RandDist =
↪→ "LogN")

# Summary of the final model
weibull_frailty3
summary(weibull_frailty3)

dat <- data[data$deviance >= -3 & data$deviance <=
↪→ 3 ]

# Refit the Weibull model with gamma frailty on
↪→ the filtered data

weibull_frailty2 <- frailtyPenal(Surv(time, status
↪→ ) ~ Age + Alive + Central + Southern + Rural
↪→ + Primary + Secondary + Higher + middle +
↪→ rich + traditional + Modern + cluster(cluster
↪→ ), data = dat, hazard = "Weibull", RandDist =
↪→ "LogN")

# Summary of the final model

111



weibull_frailty2
summary(weibull_frailty2)
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